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Abstract

Stable water isotopes, namely deuterium and oxygen 18, are tracers of water movement within the soil–vegetation–

atmosphere system. They provide useful information for a better understanding of evaporation and transpiration processes as

well as water vapour transport within soils. To better evaluate those potentialities and to identify possible lack of knowledge, a

coupled heat, water and stable isotope transport model, called SiSPAT-Isotope was developed for bare soil. This paper presents

the theoretical basis of the model, revisiting existing formulations encountered in the literature. An emphasis was put on the

formulation of the kinetic fractionation factor, conditioning the resistance to isotope transport between the soil surface and the

atmosphere, for which no agreement exists in the literature. The paper also presents first validation tests, showing

the consistency of the model by comparison with existing analytical solutions. Sensitivity tests showed that the isotope

concentration was very sensitive to the formulation of the resistance to isotope transport between the soil surface and the

atmosphere, especially under saturated soil conditions. Only a comparison with existing data sets and further laboratory and

field experiments, can help decide which formulation has to be used and in which conditions. Finally, an example of simulation

under non-steady state conditions is also presented and discussed.
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1. Introduction

Evaporation from soils and transpiration by

vegetation represent the major rainfall-recycling

source over continents. Consequently, a correct

assessment of potential impacts of water management

practices, land use and/or climate change on water

resources relies on an accurate representation of
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evapotranspiration within atmosphere, hydrological

or vegetation growth models. The purpose of Soil

Vegetation Atmosphere Transfer (SVAT) models is to

represent complex interactions between the

atmosphere, the soil and the biosphere. Most of

them provide separate estimates of soil evaporation,

interception by the canopy and transpiration by plants.

However, few data (relying mainly on sap flow and

micro-lysimeters measurements) are currently

available to validate that partition. Concentration

measurements of stable water isotopes in soils, in

leaves and in the transpired and evaporated vapours

provide an alternative way to quantify it (e.g. Yepez

et al., 2003; Williams et al., 2004 for recent

publications). Indeed, the liquid concentration is

known to rise under soil evaporation, whereas no

fractionation of isotopic forms of either oxygen or

hydrogen occurs during root extraction (Zimmermann

et al., 1967; Walker and Richardson, 1991; Bariac

et al., 1994, 1995). Therefore, measurements of stable

water isotopes concentration within the soil can

provide useful information for (i) determining the

depth at which plants are extracting water at a given

time and therefore validate root extractions sub-

models in SVATs and (ii) better quantifying water

transfer within soils (mainly vapour diffusion coeffi-

cients and hydraulic properties).

A physically based model, representing the full

interactions between the atmosphere, the soil, the

vegetation and stable isotope species can provide a

powerful tool for testing various hypotheses about

active processes. As it also provides a synthesis of our

current knowledge of these processes, it can help, when

compared with observed data, to identify the gaps in

knowledge and the points requiring further investi-

gations. Those arguments motivated a modelling effort

aimed at representing the coupled heat, water and

stable isotope transport within the soil–vegetation–

atmosphere continuum. The Simple Soil Plant Atmos-

phere Transfer (SiSPAT) model (Braud et al., 1995;

Braud, 2000) was already simulating in details the

soil–plant–atmosphere continuum interactions. It was

therefore necessary to add a stable isotope transport

module to the existing model in order to reach our goal.

The work was, however, performed in two steps. The

first one deals with bare soil and the second step will

consider the vegetation. In this paper we focus on the

bare soil isotope transfer module and describe
the corresponding model formulation. A first evalu-

ation of model calculations is performed using

analytical solutions available from the literature

under steady state conditions. Likelihood tests show-

ing the qualitative agreement of the numerical

simulations with the behaviour evidenced by data are

also described. The comparison of model simulations

with two experimental laboratory data sets is presented

in Part II of this paper (Braud et al., 2004).

Section 2 presents a brief review of existing stable

isotope transport modelling efforts. Section 3 shortly

describes the existing SiSPAT SVAT model. Sections

4 and 5 present the stable isotope transport equation

and upper boundary condition specification, respect-

ively. An assessment of the accuracy of the numerical

model is given in Section 6 using a comparison with

analytical solutions. We also present sensitivity tests

to the formulation of the surface isotope flux. Finally,

Section 7 provides an example of a non-steady state

simulation, before drawing some conclusions.
2. Modelling of stable isotope transport

The interest of HDO and H2
18O in hydrology is due

to their properties acting as tracers for water move-

ments both in the liquid and vapour phases. The time

evolution of isotope concentration profiles was first

studied and modelled for free-water evaporating

surfaces (Craig and Gordon, 1965). Zimmermann

et al. (1967) showed that this model could be applied

to saturated evaporating soils under steady-state

conditions. This work was extended to non-saturated

soils by Barnes and Allison (1983) for isothermal and

steady-state conditions. Barnes and Allison (1984)

considered non-isothermal conditions, where soil

temperature was a prescribed function of depth, and

they proposed corresponding analytical solutions.

However, in order to understand, to describe, and/or

to predict the evolution of isotope concentration

profiles under evaporation for field conditions, a

model able to describe both non-steady state and the

time evolution of the atmospheric forcing is required.

A first approach was proposed by Shurbaji and

Phillips (1995) based on a modelling of coupled

heat and water movement within the soil using the

formalism of Philip and De Vries (1957). However,

the upper boundary conditions had to be specified by
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measurements of soil surface temperature and humid-

ity. Since these data are seldom available, there is a

need for a model fully interacting with the atmos-

phere, i.e. able to solve the surface energy budget. A

simplified approach towards that direction was

proposed by Mathieu and Bariac (1996) under

constant potential evaporation and prescribed soil

temperature profiles. Mélayah et al. (1996) general-

ised the approach to variable climatic conditions, as

encountered under field situations, and to fully

coupled heat and water transport. The theoretical

basis of the bare soil heat and water transport model

used in this study are very closed to that of Mélayah

et al. (1996). The development of the isotope transport

module also borrowed lots of the concept described in

that early paper. However, some hypotheses were

reconsidered and some inconsistencies corrected. We

also revisited the specification of the resistance to

isotope transport between the soil surface and the

atmosphere, via the formulation of the kinetic

fractionation factor. Sensitivity to this formulation is

discussed in detail in the paper. The rationale beyond

our study was to reconsider these early works by

taking into account future extension of the modelling

including (i) a better representation of the interactions

between the soil and the atmosphere, (ii) the inclusion

of vegetation and (iii) the identification of the

strengths and weaknesses of current approaches

encountered in the literature in order to design future

laboratory and field experiments dedicated to process

studies and to the validation of the SiSPAT-Isotope

model.
3. The SiSPAT SVAT model

A model able to simulate heat, water and isotope

species transfer within soils was developed. It was

built from an existing 1D, mechanistic SVAT model

called SiSPAT (Simple Soil Plant Atmosphere

Transfer) (Braud et al., 1995; Braud, 2000, 2002).

This model is forced by climatic data (air temperature

and humidity, wind speed, incoming solar and long-

wave radiation and rainfall) measured at a reference

height of typically 2 m above the vegetation with a

time step of 15–30 min to 1 h and linearly interpolated

at the time step of the model. Coupled heat and water

transfer equations within the soil, including a sink
term for root extraction and liquid and vapour

transfer, are solved. Soil temperature and water matric

potential are the independent prognostic variables.

The upper boundary conditions of the soil module are

provided by the solution of a set of five equations

linking the atmosphere and the surface (energy budget

over bare soil and vegetation, respectively, continuity

of heat and water vapour transfer fluxes within the

canopy, continuity of mass transfer at the soil

surface). This SVAT model was extensively tested

and validated against various data sets covering

contrasted climatic and moisture conditions (e.g.

Boulet et al., 1997; Braud et al., 1995, 1997; Calvet

et al., 1999; Gonzalez-Sosa et al., 1999, 2001; Olioso

et al., 2002). However, the partition between evapor-

ation from soil and transpiration by plants was not

properly validated, because only total evapotranspira-

tion measurements were available. The use of stable

isotope concentrations within soils could help filling

this gap, but this required the adjunction of an isotope

transfer module to the SiSPAT model. We describe

below the bare soil version of this module. Details of

the SiSPAT model formulation and numerical dis-

cretisation can be found in Braud (2000, 2002).

Appendix B summarises the main equations for heat

and water transport solved by the model for bare soil.

Notations are defined in Appendix A.
4. Isotope transport equation

4.1. Definition of the concentration of an isotopic

species

Natural stable water isotopes can move within a

soil in the vapour and liquid phases. Therefore, the

concentration of one isotopic species must be

considered in both phases. The definition of the

concentration of the isotopic species given below can

be applied both to the liquid and the vapour phases.

The concentration Ci (kg mK3) of isotope i, namely

HDO and H2
18O can be defined as

Ci Z
mi

V
(1)

where mi (kg) is the mass of isotope i, either in the

liquid or in the vapour phase, and V (m3) is the

corresponding volume of water. Eq. (1) can be
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rewritten as

Ci Z
mi

mT

mT

V
(2)

where mT (kg) is the total mass of water (including the

isotope species and ordinary water). The mass of a

species is the product of the number of moles (Ni and

Nw (mol) for isotopes and ordinary water, respect-

ively) by the molar mass (see Appendix C) of these

species (Mi and Mw (kg) for isotopes and ordinary

water, respectively). Eq. (2) can therefore be

expressed as:

Ci Z
NiMi

NiMi CNwMw

NiMi CNwMw

V
(3)

Assuming that the water volumetric mass is

independent of its isotopic concentration, i.e. that Ni

Mi/NwMw (Ménache, 1966), Eq. (3) can be

approximated by

Ci Z
Mi

Mw

Rir (4)

where RiZNi=Nw (–) is the isotopic ratio of species i

and r (kg mK3) is the volumetric mass of water either

in the liquid, rw, or in the water vapour, rv, phase.
4.2. Expression of isotopic concentration

in delta notation

Although numerical computations were performed

using the concentration defined above as the prog-

nostic variable, results will be presented in delta

notation (‰), classically defined as follows

di Z
Ri KRref

Rref

1000 (5)

where Rref is a reference value given by the Vienna

Standard Mean Ocean Water (V-SMOW) (see

Appendix C). Ri can be deduced from the concen-

tration by inverting Eq. (4):

Ri Z
Mw

Mi

Ci

r
(6)

The use of the delta notation in ‰ is classical in

isotope science leading to more tractable numbers.
4.3. Mass conservation equation for one isotopic

species

The mass conservation equation for isotope i is

expressed as

vðCl
iql CCv

i qvÞ

vt
ZK

v

vz
½qi� (7)

where t is the time (s), z (m) is the depth within the

soil, positively oriented downward with the origin at

the soil surface, Cl
i (kg mK3) (respectively, Cv

i

(kg mK3)) is the concentration of isotope i in the

liquid (respectively, vapour) phase, ql (m3 mK3)

(respectively, qv (m3 mK3)) is the volumetric liquid

(respectively, vapour) content, and qi (kg mK2 sK1) is

the total mass flux of isotope i. Note that

qvZnsoil Kql, where nsoil (–) is the soil porosity.

The total flux is the sum of the isotope flux in the

liquid phase, ql
i (kg mK2 sK1) and the vapour phase,

qv
i (kg mK2 sK1). Both include a convection and a

diffusion term, the latter being expressed by the Fick

law. They are written, respectively, as follows

ql
i Z Cl

iql KDl�

i

vCl
i

vz
(8)

qv
i Z Cv

i qv KDv�

i

vCv
i

vz
(9)

where ql (m sK1) (respectively, qv (m sK1)) is the

liquid (respectively, vapour) water flux, Dl�

i (respect-

ively, Dv�

i ) is the total liquid (respectively, vapour)

diffusivity (m2 sK1) for isotope i. The total liquid

diffusivity can be expressed as (Mélayah et al., 1996)

Dl�

i Z Dlo
i tql CLjqlj (10)

where t is the soil tortuosity (–), L (m) is the dispersivity

length and Dlo
i (m2 sK1) is the molecular diffusivity of

isotope i in liquid water (see Appendix C). In the

simulations presented in this paper, L was set equal to

zero, in order to be consistent with the studies used as

reference for the evaluation of our model. Furthermore,

under evaporation, convective and hydrodynamic

dispersion processes are negligible as compared to the

diffusion ones (Auriault and Adler, 1995).
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Following Mélayah et al. (1996), the total vapour

diffusivity is expressed as

Dv�

i Z ðnsoil KqlÞtDv

Dv
i

Dv

� �nD

(11)

where Dv (respectively, Dv
i ) (m2 sK1) is the vapour

diffusivity of water (respectively, isotope) in air (see

Appendix C). In most of the literature (e.g. Barnes and

Allison, 1983, 1984; Mathieu and Bariac, 1996), the

value nDZ1 was used for the exponent. Mélayah et al.

(1996) proposed the following relationship

nD Z 0:67 C0:33 exp 1 K
ql

qr

� �
(12)

where qr (m3 mK3) is the residual water content.

Mélayah et al. (1996) used the results of Merlivat

(1978a) to justify this expression. However, Merli-

vat’s measurements were made in the atmosphere and

it is not obvious to know if the formula can be

extended to water vapour in soils. Furthermore,

according to Brutsaert (1982), the exponent nD

depends on the air water content of the atmosphere

and varies between 0.5 (turbulent flow), 2/3 (laminar

flow), and 1 (molecular diffusion).
4.4. Relationship between liquid and vapour isotope

concentration

The mass conservation equation for isotopic

species provides one equation with two unknowns:

namely, the liquid and vapour concentration. In order

to be able to solve the equation, an additional

relationship must be provided. Assuming instan-

taneous equilibrium between the liquid and vapour

phases, the relationship between the corresponding

liquid and vapour isotopic ratios can be written as

(Mathieu and Bariac, 1996; Mélayah et al., 1996)

Rv
i Z a

�
i Rl

i (13)

where a�
i (–) is the liquid–vapour isotopic fraction-

ation factor at equilibrium given by Majoube (1971)

as a function of temperature T (K) (see Appendix C).

In terms of concentrations, insertion of Eq. (6) into

Eq. (13) leads to

Cv
i Z

Mi

Mw

Rv
i rv Z

Mi

Mw

a�
i Rl

irv Z a�
i

rv

rw

Cl
i Z b�

i Cl
i

(14)
with

b�
i Z a�

i

rv

rw

(15)
4.5. Final conservation equation to be solved

Introducing Eqs. (8), (9) and (14) into the mass

conservation equation (Eq. (7)), leads to the following

development

vf½ql C ðnsoil KqlÞb
�
i �C

l
ig

vt
ZK

v

vz
½ql

i Cqv
i � (16)

vf½ql C ðnsoil KqlÞb
�
i �C

l
ig

vt

ZK
v

vz
Cl

iql KDl�

i

vCl
i

vz
Cb�

i qvCl
i KDv�

i

vb�
i Cl

i

vz

� �
(17)

vf½ql C ðnsoil KqlÞb
�
i �C

l
ig

vt

ZK
v

vz
ql Cb�

i qv KDv�

i

vb�
i

vz

� �
Cl

i

�

K ðDl�

i CDv�

i b�
i Þ

vCl
i

vz

�
(18)

v½QiC
l
i�

vt
Z

v

vz
Dlv�

i

vCl
i

vz
KQlv�

i Cl
i

� �
(19)

with

Qi Z bql C ðnsoil KqlÞb
�
i c (20)

Qlv�

i Z ql Cb�
i qv KDv�

i

vb�
i

vz

� �
(21)

Dlv�

i Z ðDl�

i CDv�

i b�
i Þ (22)

Eq. (19) is a non-linear partial derivative equation

with the same form as the classical convection–

dispersion equation for solute transport. It can com-

pletely be solved for any species i, once initial and

boundary conditions are provided. Eq. (19) is very close

to Eq. (44) of Mélayah et al. (1996). However, we

identified some inconsistencies in their derivations.

Consequently, the discretisation we implemented
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(see Appendix D) was directly derived from Eq. (19)

and is therefore not prone to the same misprints.
5. Boundary conditions and formulation of the

resistance to isotope transport between the soil

surface and the atmosphere

5.1. Boundary conditions

The upper and lower boundary conditions can be

either a known value of the liquid isotopic concen-

tration or a known flux. In Section 5.2, we describe in

more details how the surface isotopic flux can be

calculated as a function of atmospheric conditions and

atmospheric isotopic concentration.

The surface isotopic flux Ei (kg mK2 sK1) is assumed

to be proportional to the gradient of isotopic concen-

tration between the atmosphere Cv
ia (kg mK3) (con-

sidered at a reference level za where climatic data and

atmospheric vapour isotopic concentration are assumed

to be measured) and the soil surface Cv
is (kg mK3)

Ei Z
Cv

is KCv
ia

ri

(23)

where ri (s mK1) is the resistance to isotopic species

transport. Following the notations proposed by Barnes

and Allison (1983), ri can be written

ri Z raaiK (24)

where ra (s mK1) is the aerodynamic resistance to heat

and water vapour transfer and atK (–) is the so-called

isotopic kinetic fractionation factor.

The isotopic vapour concentration at the surface

and in the atmosphere can be written (see Eq. (4)) as

functions of the corresponding isotopic ratio Rv
is and

Rv
ia, the specific humidity qs and qa (kg kgK1) at the

soil surface and in the atmosphere, respectively, and

the air volumetric mass ra (kg mK3). This leads to:

Ei Z
ra

aiKra

Mi

Mw

ðRv
isqs KRv

iaqaÞ (25)

Finally, the use of Eq. (13) allows to relate Ei to the

liquid isotopic concentration Rl
is at the soil surface

calculated by the solution of Eq. (19)

Ei Z
ra

aiKra

Mi

Mw

ða�
i Rl

isqs KRv
iaqaÞ (26)
In this final expression it is assumed that the liquid

fraction is in equilibrium with the overlying vapour.
5.2. Formulations of the resistance to isotope transfer

between the soil surface and the atmosphere

Various expressions are available in the literature

for the kinetic fractionation factor according to

hypotheses made on the influence of molecular and

turbulent diffusion, respectively. It is assumed that

turbulent diffusion does not produce any isotopic

fractionation, whereas molecular diffusion does

(Craig and Gordon, 1965).

Mathieu and Bariac (1996) reported a general

formulation proposed by Merlivat and Jouzel (1978)

of the kinetic fractionation factor related to the

turbulent, raT, and molecular, ram, resistances to

water vapour transfer:

aiK Z

Dv

Dv
i

� �nK

C raT

ram

h i
1 C raT

ram

(27)

Introducing

3iK Z
Dv

Dv
i

K1/1;

and noting that ra ZraT Cram, Eq. (27) can be

simplified as (Merlivat and Coantic, 1975):

aiK Z 1 CnK

Dv

Dv
i

K1

� �
ram

ra

(28)

Brutsaert (1982) proposed formula for the mol-

ecular diffusion for smooth and rough surfaces. These

formulae were validated by Merlivat and Coantic

(1975) and Merlivat (1978b) using stable isotope of

water evaporating surfaces. These formulae read

ram Z 13:6 n
Dv

� �nK

for
u�zom

n

� �
%1

and with nK Z 2=3

ram Z 7:3 u�zom

n

� �1=4
n

Dv

� �nK

for
u�zom

n

� �
R1

and with nK Z 1=2

8>>>>>>><
>>>>>>>:

(29)

for smooth (laminar) and rough (turbulent) surfaces,

respectively. In Eq. (29), u* (m sK1) is the friction

velocity, zom (m) is the roughness length for



I. Braud et al. / Journal of Hydrology 309 (2005) 277–300 283
momentum, n (m2 sK1) is the air kinematic viscosity.

Brutsaert (1982) derived these formulae from wind

tunnel experiments. To our knowledge, nobody tried

to verify if they were still valid for field or natural

conditions.

An alternative approach proposed by Stewart

(1975) and cited by Mathieu and Bariac (1996)

simplifies Eq. (27) and combines the influence of

turbulent and molecular resistances into a modified

exponent nK
0, determined empirically, leading to:

aiK Z
Dv

Dv
i

� �n0
K

(30)

Mathieu and Bariac (1996) proposed the following

expression for the exponent

n0
K Z

ðqs KqrÞna C ðqsat KqsÞns

ðqsat KqrÞ
(31)

where qs is the soil surface volumetric water content

and qsat is the saturated water content. The authors

used naZ0.5 and nsZ1 leading to a value nK
0Z0.5 for

a saturated soil and nK
0Z1 for a dry soil.

When molecular diffusion is neglected, as in

Mélayah et al. (1996), resistances to water vapour

and isotope vapour are identical, i.e.

aiK Z 1 (32)

Note, however, that Mélayah et al. (1996)

introduced an exponent non-equal to one for the

definition of the isotopic water vapour diffusivity into

the soil (see Eqs. (11) and (12)), which might partly

compensate the value of one used for the kinetic

fractionation factor.

When only molecular diffusion is considered (see

Barnes and Allison, 1983 for instance), the kinetic

fractionation factor reads:

aiK Z
Dv

Dv
i

� �
(33)

As no agreement exists on which formula to

employ and in which conditions, we tested formu-

lations (28), (30), (32) and (33) in the model.

Sensitivity tests to these expressions are provided in

Section 6 and a summary of the various formulae is

given in Tables 4 and 6. Note that in this study, we

used the values of the ratio Dv=D
v
i proposed

by Merlivat (1978a) (see Appendix C). Recently,
Cappa et al. (2003) proposed new values for these

ratio. They have not been used in the present study,

but will be tested in future work.

5.3. Numerical solution and discretisation

The numerical discretisation of the isotope trans-

port equation is presented in Appendix D. The reader

can refer to Braud (2000, 2002) for details on the

numerical solution of the heat and water transport

equations.

First sensitivity tests showed that the numerical

solution of the isotopic species transport equation was

very sensitive to the accuracy of the heat and water

transport equation solution. Improvements of the

numerical solution of the SiSPAT model, presented

by Braud (2002), had to be implemented in order to

reach this accuracy. The use of the classical form of

the Richards equation (see Appendix B) can lead to

large mass conservation errors when the soil is near

saturation, due to the capillary capacity approaching

zero. As shown by Celia et al. (1990), this problem

can be overcome by using an iterative solution for the

heat and water transport equation and by introducing a

corrective factor depending on the water content to

ensure mass conservation.

Mathieu and Bariac (1996) proposed some like-

lihood tests for a numerical model of isotopic species

transport (see Section 6). When trying to simulate

those examples, especially Test (1), instability in the

solution was found. The source of these instabilities

lied once again in the numerical solution of the heat

and water transfer equation. Haverkamp et al. (1977)

and Vauclin et al. (1979) showed that the use of

geometric means to estimate the transport coefficients

at the inter-nodes were leading to more accurate

solutions of the infiltration equation, especially near

the infiltration front. This weighing scheme was

originally implemented in SiSPAT (Braud, 2000).

However, we found inaccurate results in case of

steady state evaporation, with a non-constant evapor-

ation rate along the vertical profile, although top and

bottom fluxes were identical. This non-constant flux

profile was responsible for instabilities in the isotopic

concentration profiles. The use of arithmetic means

instead of geometric ones in the interpolation of

transport coefficients of the heat and water transfer

equation successfully solved the problem.



Table 1

Parameters of the retention and hydraulic conductivity curves

described by the van Genuchten and Brooks and Corey expressions,

respectively

Parameter Value

Saturated water content, qsat 0.35 m3 mK3

Residual water content, qr 0.01 m3 mK3

Shape parameter of the retention curve, n 2.22

Shape parameter of the retention curve, m 0.099

Scale value of the water pressure, hg K0.193 m

Saturated hydraulic conductivity, Ksat 1.23!10K7 m sK1

Shape parameter of the conductivity 9.14
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Eventually, it must be underlined that the solution

of the isotopic species transport equation requires a

high resolution of the vertical profile close to the

surface, especially to capture the vapour return (see

Section 6), with inter-nodes spacing of the order of

10K6–10K4 m near the soil surface, whereas a value

of 10K3 m was sufficient to get stable results with the

heat and water transfer model. A time step of less than

50 s was used, but its value (automatically calculated

by the model) can be much smaller, depending on the

rate of change in the calculated variables.

curve, h

See Eqs. (34)–(36).
6. Verification of the numerical solution
6.1. Likelihood tests

In order to verify that the orders of magnitude and

the processes were correctly taken into account by the

model, we performed six likelihood tests proposed by

Mathieu and Bariac (1996).

We considered a soil column, 1 m deep, the soil

having the properties of the Yolo Light clay (Philip,

1957). The retention and hydraulic conductivity

curves were described by the Van Genuchten (1980)

and Brooks and Corey (1964) closed-form equations,

respectively

ql Kqr

qsat Kqr

Z 1 C
h

hg

� �n� �Km

(34)

with (Burdine, 1953)

n Z
2

1 Km
(35)

KðqÞ Z Ksat

ql

qsat

� �h

(36)

where h (m) is the soil water pressure head. Parameter

values were taken from the Grizzly data base

(Haverkamp et al., 1998) and they are given in

Table 1.

We considered isothermal conditions with an

arbitrary soil temperature of TZ303 K. The soil was

supposed to be initially saturated, with an hydrostatic

soil water pressure profile. The initial isotopic

composition of the soil water, dl
i_alim, was assumed

to be uniform and is referred to as ‘alimentation
water’. At the bottom of the column, we used a zero

flux condition for water and isotope fluxes. At the soil

surface, instead of solving the energy budget, we used

a simplified boundary condition by considering

constant value for the potential evaporation (EpZ
1.005!10K5 kg mK2 sK1), the actual surface evap-

oration flux being parameterised according to the

approach of Mathieu and Bariac (1996)

E Z Ep

hs Kh0
a

1 Kh0
a

(37)

where ha (–) (respectively, hs) is the air (respectively,

soil surface) relative humidity and ha
0 is given by

h0
a Z ha

rv
satðTaÞ

rv
satðTsÞ

(38)

where Ta (K) (respectively, Ts) is the air (respectively,

the soil surface) temperature and rv
satðTÞ is the saturated

volumetric mass of water vapour (kg mK3). We used

values of TaZ303 K (the same value as in the soil) and

haZ0.2.

With this formulation of the surface evaporation

flux, the corresponding surface isotopic flux can be

written

Ei Z
Ep

aiK

Mi

Mw

a�
i Rl

ishs Kh0
aRv

ia

1 Kh0
a

(39)

and provides the upper boundary condition for the

isotope transport module, once a value of the

atmospheric isotopic ratio has been chosen.

For these tests, we used Eq. (30) with an exponent

given by Eq. (31). The main characteristics of the

six likelihood tests are summarised in Table 2.



Table 2

Main characteristics and results of the likelihood tests performed with the SiSPAT-Isotope model

Test Parameters Results

a�
i Dv

i Dl
i

aiK dv
a (a) (b) (c) (d) Comments

(1) 1 Dv 0 1 dalim 0 0 – – No change d(z,t)Zdalim

(2) 1 Dv 0 1 dv
a K6.3 K42.5 6.7 Surface impoverishment towards dv

a

(3) a�
i Dv 0 1 da lim C8.8 C68.6 – 7.7 Surface enrichment without vapour return

(4) a�
i Dv 0 1 dv

a C6.7 C52.4 7.1 7.6 Surface enrichment with vapour return

(5) a�
i Dv

Dl
i

1 dv
a C5.5 C43.3 6.7 7.8 Thicker peak than Test (4)

(6) a�
i Dv

i Dl
i

aiK dv
a C10.0 C56.3 2.0 2.7 Larger and thicker peak than Test (5)

dD_alim
l ZK65 (‰), dO_alim

l ZK8 (‰), and dv
D_a ZK112 (‰), dv

O_a ZK15(‰). (a) Maximum isotopic enrichment as compared to the

alimentation water for H2
18O, in d notations. (b) Maximum isotopic enrichment as compared to the alimentation water for HDO, in d notations.

(c) Slope of the HDO/H2
18O relationship in the vapour phase. (d) Slope of the HDO/H2

18O relationship in the liquid phase.
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Four parameters were considered for the analysis: the

equilibrium isotopic fractionation factor, a�
i , the iso-

topic water vapour diffusivity, Dv
i , the isotopic liquid

diffusivity, Dl
i and the atmospheric vapour isotopic

ratio in delta notation, dv
ia. Results after a 250-day

simulation period, ensuring that a steady state was
Fig. 1. Simulated deuterium and oxygen 18 concentration profiles for the six

column, but results are presented for the first 50 cm only.
reached, are provided in Fig. 1 for HDO and H2
18O.

They are also summarised in the right-hand side of

Table 2.
†

lik
Test (1) allowed to check the stability of the

numerical scheme. In this test, equilibrium and
elihood tests. Simulations were conducted using a 1 m depth soil
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kinetic isotopic fractionation factors were neutral-

ised and liquid diffusion was not allowed. Water

vapour diffusivity was also taken equal to that of

ordinary water. The expected theoretical solution

was therefore uniform isotope concentration pro-

files. This result was effectively obtained by the

model, with a deviation of less than 0.1 d (Fig. 1).

The numerical solution was obtained with a top

layer thickness of the order of 10K6 m. With a

value of about 10K3 m, the deviation from the

expected constant profile could reach 2.5 d. These

figures must be compared to the accuracy of the

isotope concentration measurement which is

G0.15 d for H2
18O and G0.5 d for deuterium.

This test was the most severe for the model due to

the steady state conditions and the small values of

the fluxes, explaining the very fine spatial dis-

cretisation required to get accurate results.
†
 Test (2) was equivalent to Test (1), except that

a realistic value (i.e. much lower than the

alimentation water) was given to the air vapour

isotopic ratio. This test showed the consistency of

the surface flux calculation. As long as evaporation

proceeds and the soil column dries out, the isotopic

concentration of the liquid is expected to tend

towards the value of the atmospheric vapour.

After 250 days, the surface concentration was

K107.5 d for deuterium (respectively, K14.3 d

for H2
18O) whereas the expected value (i.e. the

value of the air water vapour concentration) was

K112 d for deuterium (respectively, K15 d for

H2
18O). The slope of the HDO/H2

18O relationship

was equal to 6.7, corresponding to the expected

value given by

dl
D_alim Kdv

D_a

dl
O_alim Kdv

O_a

for our case study.
†
 In Test (3), the equilibrium isotopic fractionation

factor was considered (see Eq. (C.4)), with still the

liquid and vapour diffusivities equal to zero and to

that of ordinary water, respectively. However, the

atmosphere isotopic concentration was equal to

that of the alimentation water. A surface enrich-

ment was simulated, without vapour return, which

was expected because air water vapour influence

was inhibited.
†
 Test (4) was similar to Test (3) but a realistic value

(i.e. much lower than the alimentation water) was

given to the air vapour isotopic ratio. Test (4)

showed that, when the influence of air water

vapour was reintroduced, the expected vapour

return was simulated.
†
 In Test (5), liquid diffusion influence was

reintroduced, leading to a thicker but smaller

enrichment peak than simulated in Test (4), due to

diffusion.
†
 Finally, kinetic fractionation influence was rein-

troduced in Test (6), and the isotope water vapour

diffusivity was set equal to its true value. The

results led to a higher and thicker peak than the one

obtained in all the previous cases.

As also mentioned by Mathieu and Bariac (1996),

the slope of the simulated HDO/H2
18O relationship

exhibited values around 8 for Tests (3)–(5), as

expected in the liquid phase, when only equilibrium

fractionation was considered. In Test (6), the slope

value decreased to a value around 3 for the liquid

phase, showing the signature of the kinetic fraction-

ation factor influence.
6.2. Comparison with the analytical solution of

Barnes and Allison (1983)—saturated case

Following Zimmermann et al. (1967), Barnes and

Allison (1983) (BA83 below) gave the analytical

solution of isotopic transport for a saturated soil

column, evaporating into an atmosphere of constant

humidity, ha, and isotopic composition, dv
ia, under

isothermal conditions. The soil column was assumed

to be constantly re-alimented with water of isotopic

ratio dl
i_alim, so that the water flux within the column

was constant and equal to the evaporation rate E

(kg mK2 sK1) given by Eq. (37). When steady state

was reached, there was equilibrium between the

diffusive and the convective fluxes of isotopic

species (BA83). The isotopic concentration is then

given by

dl
iðz; tÞ Z dl

i_alim C ðdl
is Kdl

i_alimÞexp K
E

Dl�

i

z

� �
(40)

where the surface value of the isotopic concentration,

dl
is, was given by BA83 with nKZ1 in Eq. (33)



Table 3

Parameters values and model/theoretical results in a case of

isothermal saturated soil

Parameters Values

Steady state evaporation rate EZ1.003!10K5 kg mK2 sK1

Saturated water content qsatZ0.35 m3 mK3

Soil tortuosity tZ0.67

Air temperature TaZ303 K

Air relative humidity haZ0.2

Initial and alimentation HDO

concentration
dl

D_alim Z0 (‰)

Atmospheric water vapour

HDO concentration
dvl

Da ZK100 (‰)

Initial and alimentation H2
18O

concentration
dl

O_alim Z0 (‰)

Atmospheric water vapour

H2
18O concentration

dv
Oa ZK14 (‰)

Results Model resultsa Theoretical results

Surface liquid HDO

concentration

73.85 74.12

Surface liquid

H2
18O concentration

29.06 29.15

Slope of the HDO/

H2
18O relationship

2.54 2.55

HDO concentration

profile

Confounded with

theory
dl

Dðz; tÞZ
74:12 expðK16:72zÞ

H2
18O concentration

profile
dl

Oðz; tÞZ
29:15 expðK17:01zÞ

a When Eq. (4) was used for the definition of isotope

concentration the surface isotopic concentrations were 73.93 (‰)

for HDO and 29.09 (‰) for H2
18O.

1 Note that when using Eq. (37) to derive the actual evaporation

flux, E, an aerodynamic resistance can be recalculated by

ra Zraðqs KqaÞ=E.
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(only molecular diffusion was considered by BA83):

a�
i ð1 Cdl

isÞ Z ½ð1 KhaÞaiKð1 Cdl
i_alimÞChað1 Cdv

iaÞ�

(41)

Note that BA83 assumed the following definition

for the isotopic concentration

Cl
i Z rwRl

i (42)

which is different from Eq. (4) we used in our

method. However, it appeared that the use of Eq. (4)

did not change the calculated concentration profiles.

Only the surface fluxes were modified, i.e. multi-

plied by a factor Mi/Mw as compared to the use of

Eq. (42). In the following, results were therefore

obtained using Eq. (42) for the isotope concentration

definition.

Consistency of the model under saturated con-

ditions was tested using the properties of the Yolo

Light Clay soil given in Section 6.1. Parameters of

the simulation are given in Table 3. A 1 m deep soil

column was considered under isothermal conditions

(TZTaZ303 K). The soil water pressure was

assumed to be hydrostatic at the beginning of the

simulation. The lower boundary condition was a

constant water pressure equal to its initial value

(hZ1 m). This choice allowed permanent water

supply at the bottom of the soil column and

conservation of saturation. Numerically, however, a

small fraction of the soil (0–0.075 m) was not fully

saturated, with a maximum deviation of

0.005 m3 mK3 from saturation. After 250 days of

simulation, a duration long enough to reach steady

state, the numerical results were compared with the

BA83 solution (see Eqs. (40) and (41))). The results

presented in Table 3 show a very good agreement

between the model and the BA83 analytical solution

for both HDO and H2
18O.

Fig. 2 and Table 4 show the sensitivity of the

solution to different formulations of the kinetic

fractionation factor. This sensitivity is large,

especially for H2
18O concentration. The value aiKZ1

(Mélayah et al., 1996) leads to a slope of the

relationship HDO/H2
18O of about 8.5, a value

consistent with an equilibrium process (hsZ100%)

and inconsistent with the classical decrease in the

slope observed experimentally for evaporating sur-

faces taking account of a kinetic effect (e.g. Gat, 1981;
Gonfiantini, 1986). The formulation of Mathieu and

Bariac (1996) (with aiK Z ðDv=D
v
i Þ

n0
K and nK

0 for a

saturated soil) leads to a smaller surface enrichment

and a higher slope than that obtained using the

‘molecular diffusion only’ hypothesis. The values

obtained by the Brutsaert (1982) model are very close

to that of the aiKZ1 hypothesis. Although the kinetic

fractionation factor evolves in time in the Brutsaert

(1982) formulation, we can assume that the right-hand

side term of Eq. (28) is negligible, which is very

consistent with a high value for the aerodynamic

resistance (around 2500 s mK1)1. Note also that this

formula is the only one requiring the specification of



Fig. 2. Comparison of the steady state HDO (left) and H2
18O (right) concentration profiles for different formulation of the kinetic fractionation

factor under saturated conditions. Simulations were conducted using a 1 m depth soil column, but results are presented for the first 30 cm only.
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a wind speed and a roughness length for momentum

value. It should therefore be more general under

changing atmospheric conditions. However, it is

difficult from this unique test to determine which

formulation has to be retained.
Table 4

Comparison of the simulated surface concentrations of HDO, ds
D, and H2

18O

saturated conditions

aiK Z Dv

Dv
i

� �
aiK Z Dv

Dv
i

� �n0
K

Eq. (33); Barnes and

Allison (1983)

Eqs. (30) and (

and Bariac (19

Calculated ds
D 73.85 63.19

Theoretical ds
D 74.12 63.30

Calculated ds
O 29.06 17.67

Theoretical ds
O 29.15 17.58

Calculated HDO/H2
18O slope 2.54 3.58

Theoretical HDO/H2
18O slope 2.55 3.60

Theoretical values were calculated using Eq. (41) with the corresponding v

(1996) formulation, nK
0Z0.5 for saturated conditions.
6.3. Comparison with the analytical solution of

Barnes and Allison (1984)—non-saturated case

Barnes and Allison (1984) (BA84) proposed an

analytical solution for evaporation of an unsaturated
, ds
O, for various formulations of the kinetic fractionation factor under

aiKZ1 aiK Z1CnK
Dv

Dvi
K1

� �
ram

ra

31); Mathieu

96)

Eq. (32); Mélayah

et al. (1996)

Eqs. (28) and (29);

Brutsaert (1982)

52.37 52.87

52.56 –

6.13 6.66

6.13 –

8.54 7.94

8.57 –

alues of the kinetic fractionation factor. For the Mathieu and Bariac



Table 5

Parameters values and model versus theoretical results in case of

non-saturated, non-isothermal soil, with the exponential tempera-

ture profile proposed by Barnes and Allison (1984)

Parameter Values

Potential evaporation EpZ2.0!10K4 kg mK2 sK1

Steady state evaporation rate

(250 days)

EZ0.982!10K5 kg mK2 sK1

Saturated water content qsatZ0.35 m3 mK3

Soil temperature profile TðzÞZ20ð1CexpðK20zÞÞ (8C)

Soil tortuosity tZ0.67

Air temperature TaZ313 K

Air relative humidity haZ0.2

Initial and alimentation HDO

concentration
dl

D_a lim Z0 (‰)

Atmospheric water vapour

HDO concentration
dvl

Da ZK100 (‰)

Initial and alimentation H2
18O

concentration
dl

O_a lim Z0 (‰)

Atmospheric water vapour 18O

concentration

dv
Oa ZK14 (‰)

Results Model results Theoretical

results

Maximum liquid HDO

concentration

39.62 37.22

Maximum liquid H2
18O

concentration

19.92 19.52

Slope of the HDO/H2
18O

relationship (liquid)

1.91 1.92

Slope of the HDO/H2
18O

relationship (vapour)

3.06 3.07
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soil under non-isothermal conditions, once steady

state conditions were reached. The soil column was

assumed to be constantly supplied with water at the

bottom. This solution was given by the differential

equation (Eq. (29) of BA84)

ddl
i

dz
C ðz1 ChuzvÞ

K1ðdl
i Kd

l
i_alimÞ

Z huzvðz1 ChzvÞ
K1ðaiK Ka�

i Þ

!
d

dz
½LnðhurvsatðaiK Ka�

i ÞÞ� (43)

where hu (–) is the relative humidity at depth z, nKZ1

in the expression of the kinetic fractionation factor

(Eq. (31))

z1 Z
Dl�

i

E
(44)

and

zv Z
Dv�

i rvsat

rwE
(45)

Once the water and heat transfer equations are

solved (see Appendix B), soil temperature T, water

pressure head, h, and water content profiles, q, are

known. The saturated volumetric mass, rvsat, can be

calculated as a function of temperature, as well as the

relative humidity, hu, by using the Kelvin law

hu Z exp
gh

RT

� �
(46)

where g (m sK2) is the acceleration of gravity and

RZ461.5 J kgK1 is the perfect gas mass constant for

water vapour. The diffusion coefficients can be

evaluated using Eqs. (10) and (11) with LZ0 and

nKZ1. Eq. (43) can then be solved using classical

finite differences, once the surface concentration

value is prescribed.

As in Section 6.2, we used Eq. (42) for the

definition of concentration. In these simulations, the

kinetic fractionation factor was calculated by Eq. (33).

Table 5 gives the parameters used in the numerical

simulation. As an example, the comparison between

the analytical and the numerical solution for a 1 m

deep soil column of Yolo Light Clay is presented in

Fig. 3 (left) for deuterium. The agreement is very fair,
although the simulated value of the peak enrichment

is slightly overestimated.

In their paper, BA84 discussed the role of

temperature gradients on the isotopic concentration.

When mass transfer induced by temperature gradients

are taken into account, the water vapour flux can be

written as a function of the soil water pressure head

and temperature

qv Z Dv

vrv

vz
Z Dv

vrv

vh

vh

vz
CxDv

vrv

vT

vT

vz
(47)

where x (–) is the temperature gradient enhancement

factor (Philip and De Vries, 1957), accounting for

increased transport due to differences between local

and macroscopic temperature gradients. In their study,

BA84 assumed xZ1. They claimed that if xO1, their

result would remain valid. However, it is probably not

true, because in that case, the energy balance equation

would lead to different equilibrium temperature



Fig. 3. Left: comparison between the analytical (full line) and numerical deuterium concentration profile (crosses) in case of a non-saturated,

non-isothermal soil with the temperature gradient enhancement factor xZ1 (see Eq. (47)). Right: same as before with xZ1.5. Simulations were

conducted using a 1 m depth soil column, but results are presented for the first 30 cm only.
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profiles, modifying the equilibrium fractionation

factor, relative humidity and saturated vapour volu-

metric mass. This is illustrated in Fig. 3 (right) for

deuterium which compares the numerical profile

(crosses) obtained with xZ1.5 and the analytical

solution of Eq. (43) using the calculated soil

temperature, water pressure and water content pro-

files. The difference between both could be the

signature of the temperature gradient influence on

the equilibrium and kinetic fractionation factor when

the enhancement factor x is larger than one. Note that

model results are consistent with what was expected:

the non-isothermal profiles lead to an impoverishment

below the peak, more important that when xZ1. Note

also that in order to get reasonable values for the

isotope concentration, we had to let the temperature

profile equilibrate (leading to a final linear profile

instead of the initial exponential one). Without this
temperature equilibrium, the energy budget was not

verified leading to numerical instabilities. Their

influence was reduced in the BA84 case where

xZ1. This result shows that under non-isothermal

conditions, it is probably advisable to use fully

coupled heat and water transport equations in order

to avoid such numerical instabilities and errors in the

calculated isotope concentrations.

Table 6 shows the sensitivity of the steady state

profiles to five different formulations of the kinetic

fractionation factor aiK. Differences between all the

formulations are much smaller in the non-saturated

case than in the saturated one. Considering that the

accuracy of the oxygen 18 concentration measure-

ments is 0.1 d, 0.5 d for deuterium and that the depth

of the peak can be determined with a precision of

about 0.5 cm, Eqs. (30) and (33) lead to very close

results. Results obtained by using Eqs. (29) and (32)



Table 6

Comparison of the simulated maximum concentrations of HDO, dmax
D , and H2

18O, dmax
O , for various formulations of the kinetic fractionation

factor under non-saturated, non-isothermal conditions

aiK Z Dv

Dv
i

� �
aiK Z Dv

Dv
i

� �n0
K aiKZ1 aiK Z1CnK

Dv

Dvi
K1

� �
ramol

ra

aiKZ1 and nDs1

Eq. (33); Barnes

and Allison

(1983)

Eqs. (30) and (31)

Mathieu and

Bariac (1996)

Eq. (32); Mélayah

et al. (1996)

Eqs. (28) and (29);

Brutsaert (1982)

Eqs. (32) and (12);

Mélayah et al.

(1996)

Case 1 Case 2 Case 3 Case 4 Case 5

Calculated dmax
D 44.52 44.32 42.65 42.71 39.13

Calculated dmax
O 22.1 21.93 19.93 20.00 16.01

Depth of the

maximum (m)

0.0193 0.0193 0.0212 0.0212 0.0193

Calculated liquid

HDO/H2
18O slope

2.00 2.01 2.12 2.11 2.41

Calculated vapour

HDO /H2
18O slope

3.10 3.09 2.82 2.83 3.20

The profiles were obtained with xZ1 (see Eq. (47)) and an equilibrium (linear) temperature profile.
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are also very close, with a slightly deeper peak, a

higher slope in the liquid phase and a lower slope in

the vapour phase, than for the two previous cases. The

last case takes into account the full definition of soil

vapour diffusivity proposed by Mélayah et al. (1996).

This formula leads to a smaller peak concentration

and a higher slope both in the liquid and vapour

phases than all the other cases. Once again it appears

that there is no objective criteria allowing to select one

formulation as compared to the others.
7. Example of numerical results in non-steady state

The last part of the paper illustrates the ability of

the model to describe non-steady state conditions.

Validity of the results is assessed in the second part of

the paper (Braud et al., 2004) using two laboratory

data sets. In the simulation, we used the same

conditions as in Section 6.2, with an enhancement

factor xZ1 and a kinetic fractionation factor defined

in Eq. (33). The only difference is that instead of a

constant water supply imposed at the bottom of the

soil column, a gravitational flux (i.e. a flux equal to the

hydraulic conductivity) was considered. Fig. 4 shows

the time evolution of the volumetric water content

(left) and oxygen 18 isotopic ratio (right) profiles at

various times. The steady state equilibrium profile

described in Section 6.2 is also shown (stars).
Fig. 4 (left) shows a rapid drying of the soil surface

and after one day, the soil moisture content close to the

surface is 0.039 m3 mK3. Deeper soil water content is

also depleted due to deep drainage. The process

continues as long as the soil dries until the soil surface

reaches a moisture content of 0.032 m3 mK3, corre-

sponding to a matric potential in equilibrium with the

air—see Eq. (46). This water content corresponds to

the vertical part of the profile close to the surface. The

model outputs include all the components of the water

and isotope fluxes both in the liquid and in the vapour

phases. We can therefore identify that the depth with a

sharp variation in the moisture content corresponds to

the evaporation front, i.e. the depth where the water

vapour flux becomes dominant as compared to the

liquid flux (both being oriented upward). This depth

also corresponds to the peak in the isotope concen-

tration profile. However, this evaporation front must

not be confounded with the so-called ‘zero-flux plane’

identified using tensiometers and associated with a

zero gradient of the hydraulic head. For instance on

day 41, the evaporation front takes place at a depth of

2.8 cm, which also corresponds to the depth of the

peak isotope concentration and the depth where

upwards vapour and liquid water fluxes are equal.

On the other hand, the zero-flux plane is located

around 75 cm depth. It is the depth where the sign of

the total water flux changes, corresponding to a

transition from an upward to a downward flux.

Consequently, the moisture profile variations above



Fig. 4. Volumetric water content (left) and oxygen 18 isotopic concentration (right) profiles for non-steady state conditions; profiles are drawn

on days 1, 2, 5, 15, 41 and 118. On the left hand-side graph, the dotted line gives the initial soil moisture content profile. Stars symbols represent

the steady state profile corresponding to the same conditions. Simulations were conducted using a 1 m depth soil column, but results are

presented for the first 20 cm only for the sake of clarity.
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the zero-flux plane can be associated with evaporation

whereas the moisture profile variations below the

zero-flux plane contribute to deep percolation. Note

also that even if the evaporation front takes place at

2.8 cm depth, the soil layer participating in the

evaporation process extends well beyond that depth

(down to 75 cm depth).

The time evolution of the oxygen 18 isotopic ratio

profiles shows a very rapid increase of the surface

concentration, with the appearance of a peak around

12 h (not shown). Before 12 h, the surface concentration

increases and when the soil surface becomes so dry that

water vapour flux becomes dominant, the mechanism of

vapour return appears. This time corresponds to the

beginning of the so-called second drying phase in the

evaporation process (Jackson et al., 1974). As long as

the soil dries, the surface isotope concentration

decreases towards the value of the atmospheric vapour,
the peak decreases and the depth of the maximum

increases due to liquid diffusion.

In Fig. 4, we have also plotted (stars) the steady

state profiles described in Section 6.2. The soil

moisture content almost coincides with that of time

15 days in the non-steady state case. However, the

corresponding oxygen 18 concentration profiles are

slightly different. The steady state peak shows a

higher enrichment and is found at a deeper depth than

the non-steady state profile. The instantaneous surface

evaporation flux was 1.59!10K5 kg mK2 sK1 on day

15 whereas it was 0.982!10K5 kg mK2 sK1 for the

steady state case. On day 29 non-steady state profile

corresponds to a similar instantaneous surface evap-

oration flux (0.982!10K5 kg mK2 sK1) as that in the

steady state case. However, soil moisture is lower than

for the steady state case. The oxygen 18 isotopic ratio

profile shows a lower maximum and a deeper peak.
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The results presented in this section are very close

to those shown by Mathieu and Bariac (1996). All

these results give confidence in our modelling

approach, although the comparison with measure-

ments is the only way to fully validate it.
8. Conclusions

This paper presents a bare soil model able to solve

simultaneously the coupled heat, water and stable

isotope transport equations. It is based on an existing

SVAT model to which an isotope transport module

was added. The transport equation calculates the

liquid isotope concentration and assumes that the

vapour is in equilibrium with the liquid phase. Both

diffusive and convective transport are included.

Likelihood tests and comparison with analytical

solutions both for the saturated and non-saturated

conditions showed the consistency of the model, with

a good agreement between numerical and analytical

results. This first verification validated the choice

performed for the basic equations and the numerical

discretisation of the problem. The results also showed

the importance of using fully coupled heat and water

transport equations, due to the relatively large

influence of water movement induced by temperature

gradients on isotope species concentrations. A

resolution of the heat transport equation is also

necessary (rather than the use of prescribed soil

temperature profiles) in order to get results consistent

with the energy balance within the soil.

The most difficult task was the formulation of the

surface isotope flux, and especially of the resistance to

isotope transport between the soil surface and the

atmosphere, which depend on the kinetic fractionation

factor. In the literature, various formulae were

proposed. We tried to make a rigorous analysis of

these formulations. They all were included as possible

options within the model. Preliminary sensitivity

tests, based on some idealised cases, showed the

sensitivity of isotope concentration profiles to this

formulation, especially for soil saturated conditions.

Hypotheses neglecting molecular diffusion lead to

large values of the slope of the HDO/H2
18O relation-

ship, whereas the slope is much smaller when only

molecular diffusion is taken into account. On the other

hand, both hypotheses led to close slopes under
non-saturated conditions. The tests presented in this

paper use synthetic data and it is consequently difficult

to draw conclusions on the ‘best’ formula to use.

Furthermore, most of the formula were derived using

wind tunnel experiments and/or for free water

conditions. On the other hand, the comparison with

laboratory data performed in the second part of the

paper allows to go a step further in the assessment of

the validity of the different formula (see Braud et al.,

2004).

As compared to previous modelling work, our

approach leads to a more general formulation

including (i) a fully coupled heat, water and isotope

transport model, (ii) the possibility to solve the

surface energy balance (although not used in this

paper), (iii) a clearer view of the various hypotheses

which can be retained for the formulation of the

surface isotope flux (isotopic equilibrium between the

liquid and vapour phases, even under non-saturated

conditions; choice of the kinetic fractionation factor)

and of their consequences on simulated isotopic

enrichment and slopes of the HDO/H2
18O relationship

and (iv) the model has the potential to be applied

under field conditions with time varying climate data

and to take into account vegetation influence on

evapotranspiration processes.

The companion paper (Braud et al., 2004) presents

the first assessment of the bare soil model using two

existing laboratory column data sets, collected on two

contrasting soils (a coarse soil and a fine soil).
Acknowledgements

This study was funded by the French PNRH

(Programme National de Recherche en Hydrologie et

Environnement), a component of the Programme

National/ACI Ecosphère Continentale.
Appendix A. List of symbols

Symbols related to water and heat transfer
Ch
 capillary capacity (mK1)
cp
 specific heat at constant pressure (J kgK1 KK1)
CT
 volumetric heat capacity (J mK3 KK1)
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Dch
 isothermal vapour conductivity (W mK2)
DcT
 apparent thermal conductivity (W mK1 KK1)
Dmh
 isothermal moisture conductivity (m sK1)
DmT
 thermal vapour diffusivity (m2 sK1 KK1)
Dv
 vapour diffusivity of water vapour in air

(m2 sK1)
Dvh
 isothermal vapour diffusivity (kg mK2 sK1)
DvT
 vapour diffusivity associated with temperature

gradients (kg mK1 sK1 KK1)
E
 evaporation from the ground (W mK2)
Ep
 potential evaporation (kg mK2 sK1)
g
 acceleration of gravity (m sK2)
G
 surface soil heat flux (W mK2)
h
 soil matric potential of water (m)
ha
 air surface relative humidity (–)
ha
0
 air surface relative humidity normalised at the

soil surface temperature (–)
hg
 scale exponent for soil matric potential in the

Van Genuchten model (m)
hj
 soil matric potential of water of layer j (m)
hs
 soil surface relative humidity (–)
hu
 soil relative humidity (–)
H
 sensible heat flux from the ground (W mK2)
K
 liquid hydraulic conductivity (m sK1)
Ksat
 saturated liquid hydraulic conductivity (m sK1)
Lv
 latent heat of vaporization (J kgK1)
m
 shape parameter of the Van Genuchten model (–)
n
 shape parameter of the Van Genuchten model (–)
nsoil
 soil porosity (–)
Mw
 molar mass of water (kg) MwZ0.018 kg
Nw
 number of moles of water (mol)
patm
 surface atmospheric pressure (Pa)
Pg
 precipitation at the ground surface (m sK1)
qa
 specific humidity of air at level za (kg kgK1)
ql
 liquid water flux (m sK1)
qs
 soil surface specific humidity (kg kgK1)
qv
 vapour water flux (m sK1)
Qmg
 Darcian non-isothermal flow crossing the soil

surface (kg mK2 sK1)
ra
 aerodynamic resistance between level za and the

soil surface (s mK1)
ram
 molecular resistance between level za and the

soil surface (s mK1)
raT
 turbulent resistance between level za and the soil

surface (s mK1)
R
 perfect mass constant for water vapour (J kgK1)
RA
 incoming long wave radiation (W mK2)
RG
 incoming solar radiation (W mK2)
Rn
 net radiation (W mK2)
t
 time (s)
T
 soil temperature (K)
Ta
 air temperature at level za (K)
Tj
 soil temperature of layer j (K)
Ts
 soil surface temperature (K)
u*
 friction velocity (m sK1)
Ua
 wind speed at level za (m sK1)
z
 vertical coordinate (m)
za
 height of the atmosphere reference level (m)
zom
 roughness length for momentum (m)
a
 bare soil albedo (–)
3
 bare soil emissivity (–)
h
 shape parameter of hydraulic conductivity curve

(–)
l
 soil thermal conductivity (W mK1 KK1)
L
 hydrodynamic dispersivity (m)
ql
 liquid volumetric water content (m3 mK3)
qr
 residual liquid volumetric water content

(m3 mK3)
qs
 soil surface volumetric water content (m3 mK3)
qsat
 saturated volumetric water content (m3 mK3)
qv
 vapour volumetric water content (m3 mK3)
n
 air kinematic viscosity (m2 sK1)
ra
 air volumetric mass (kg mK3)
rv
 water vapour volumetric mass (kg mK3)
rv
sat
 saturated water vapour volumetric mass

(kg mK3)
rw
 liquid water volumetric mass (kg mK3)
s
 Stephan–Boltzmann constant (5.67!10K8

W mK2 KK4)
t
 soil tortuosity (–)
x
 temperature gradient enhancement factor
Symbols related to water stable isotope transport
Ci
 concentration of isotopic species i (kg mK3)
Cl
i
 liquid concentration of isotopic species i

(kg mK3)
Cv
i
 vapour concentration of isotopic species i

(kg mK3)
Cv
ia
 atmospheric vapour concentration of isotopic

species i at reference level za (kg mK3)
Cv
is
 soil surface vapour concentration of isotopic

species i (kg mK3)
Dl�

i
 total liquid diffusivity for isotope i (m2 sK1)
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Dv�

i

Model c

Atmosp

Soil–atm

Soil
total vapour diffusivity for isotope i (m2 sK1)
Dlo
i
 liquid diffusivity of isotope i (m2 sK1)
Dv
i
 vapour diffusivity of isotope i in air (m2 sK1)
Ei
 surface isotopic flux for species i (kg mK2 sK1)
mi
 mass of isotopic species i (kg)
mT
 total mass of water (kg)
Mi
 molar mass of isotopic species i (kg) MiZ
0.019 kg for HDO, MiZ0.020 kg for H2

18O.
na, ns
 parameters used in the definition of the n 0
K

exponent (–)
nD
 exponent used in the definition of the total

isotope vapour diffusivity (–)
nK
 exponent used in the definition of the kinetic

fractionation factor (–)
nK
0
 modified exponent used in the definition of the

kinetic fractionation factor (–)
Ni
 number of moles of isotopic species i (mol)
qi
 total isotope flux for species i (kg mK2 sK1)
ql
i
 liquid total isotope flux for species i

(kg mK2 sK1)
ompartment Equations Outputs of the compartment

here Forcing Ta, qa, Ua, RG, RA, P or Ep

osphere interface RnZHCLvECG qs, T1

ECQmg KPg=rw Z0

RnZ ð1KaÞRGC3ðRAKsT4
s Þ

EZKraðqa KqsÞ=ra

HZKracpðTa KTsÞ=ra

Upper boundary condition: Qmg, G hj, Tj, jZ1,.,N

Ch
vh
vt

Z v
vz

Dmh
vh
vz

CDmT
vT
vz

KK
� �

CT
vT
vt

Z v
vz

Dch
vh
vz

CDcT
vT
vz

� �
Dmh ZKCDvh=rw

DmT ZDvT=rw

Dch ZLvDvh

DcTZl

Lower boundary condition: T prescribed, h

prescribed or flux prescribed or gravita-

tional flux
qv
i
 vapour total isotope flux for species i

(kg mK2 sK1)
ri
 resistance to isotopic species transfer between

the soil surface and the atmosphere (s mK1)
Ri
 isotopic ratio of isotopic species i (–)
Rv
ia
 atmospheric vapour isotopic ratio of isotopic

species i at reference level za (–)
Rl
is
 soil surface liquid isotopic ratio of isotopic

species i (–)
Rv
is
 soil surface vapour isotopic ratio of isotopic

species i (–)
a�
i
 isotopic equilibrium fractionation factor for

species i (–)
atK
 isotopic kinetic fractionation factor for species

i (–)
b�
i
 factor relating liquid and vapour isotope

concentration for species i (–)
di
 isotopic ratio of isotopic species i (delta unit)
dv
ia
 atmospheric vapour isotopic ratio of isotopic

species i at reference level za (delta unit)
Appendix B. Summary of the main equations

solved in the SiSPAT SVAT model for bare soil

All the symbols are defined in Appendix A
Appendix C. Physical relationships

Rref is a reference value for the isotopic ratio

(Vienna Standard Mean Ocean Water—SMOW) the

value of which is given by Gonfiantini (1978):

RrefZ155.76!10K6 for HDO and RrefZ2005.2!
10K6 for H2

18O



Fig. D1. Definition of the layers used for the discretisation of the

mass balance equations.
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The liquid diffusivity of isotope i, Dlo
i (m2 sK1),

depends on temperature T (K) following

Dlo
i Zai1!10K9 exp K

535400

T2
C

1393:3

T
C2:1876

� �
(C.1)

ai is a constant depending on the isotopic species. We

used:

aiZ0.9833 for HDO and aiZ0.9669 for H2
18O

The vapour diffusivity of water in air, Dv (m2 sK1),

depends on temperature T (K) and air pressure patm

(Pa)

Dv Z 2:17!10K5 105

patm

T

273:16

� �1:88

(C.2)

Dv
i (m2 sK1) is the diffusivity of isotopic vapour in air

which is obtained as

Dv Z biD
v
i (C.3)

where the value of the constant bi determined by

Merlivat (1978a):

biZ1.0251 for HDO and biZ1.0285 for H2
18O

The liquid–vapour isotopic fractionation factor at

equilibrium, a�
i (–), is given by Majoube (1971) as a

function of temperature T (K)

a�
i Z exp K

a

T2
C

b

T
Cc

� �� �
(C.4)

The numerical values of the a, b, c coefficients are:

a Z 24844

b ZK76:248

c Z 0:052612

for HDO and

8><
>:

a Z 1137

b ZK0:4156

c ZK0:0020667

for H2
18O

8><
>:
Appendix D. Numerical discretisation

Finite differences were used. Equations were

discretized using the local mass balance method (see

Fig. D1). At each time step, the isotope species
transport is calculated once the coupled heat and

water transport equations have been first solved.

Solution of these coupled equations provides the

values of soil temperature, soil water matric potential

and water content profiles at the new time step.

Consequently, storage and transport coefficients given

by Eqs. (20)–(22) and appearing in the isotope

transport equation (Eq. (19)) can be evaluated at the

new time step.
D.1. Discretisation for layers 2%j%NK1

For layer j, the Eq. (19) is integrated between

depths zjK1/2 and zjC1/2 and time tk and tkC1 ðDtkC1Z
tkC1K tkÞ

ð
DtkC1

ðzjC1=2

zjK1=2

v½QiC
l
i�

vt
dz dt

Z

ð
DtkC1

ðzjC1=2

zjK1=2

v

vz
Dlv�

i

vCl
i

vz
KQlv�

i Cl
i

� �
dz dt (D.1)

Integrals on the left-hand side are inverted and

by using the theorem of the mean and an implicit
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linearisation, Eq. (D.1) becomes:ðzjC1=2

zjK1=2

½QiC
l
i�

kC1 K ½QiC
l
i�

kdz

Z

ð
DtkC1

Dlv�

i

vCl
i

vz
KQlv�

i Cl
i

� �
zjC1=2

 

K Dlv�

i

vCl
i

vz
KQlv�

i Cl
i

� �
zjK1=2

!
dt (D.2)

After a second implicit linearisation and with DzjZ
ðzjC1=2KzjK1=2Þ (thickness of layer j) and dzjZ ðzjC1K
zjÞ (thickness between nodes j and jC1), the final

discretized equation reads for 2% j%NK1 where N

is the total number of nodes:

ð½QiC
l
i�

kC1 K ½QiC
l
i�

kÞjDzj

Z Dlv�

i

vCl
i

vz
KQlv�

i Cl
i

� �tkC1

zjC1=2

 

K Dlv�

i

vCl
i

vz
KQlv�

i Cl
i

� �tkC1

zjK1=2

!
DtkC1 (D.3)

To get the final discretized equation, vertical

gradients of concentrations are approximated using

finite differences, leading to:

ð½QkC1
ij ClðkC1Þ

ij �K½Qk
ijC

lk
ij �Þ

Dzj

DtkC1

ZDlv�ðkC1Þ
iðjC1=2Þ

ClðkC1Þ
iðjC1Þ KClðkC1Þ

ij

dzj

KQlv�ðkC1Þ
iðjC1=2Þ ðC

lðkC1Þ
i ÞjC1=2

KDlv�ðkC1Þ
iðjK1=2Þ

ClðkC1Þ
ij KClðkC1Þ

iðjK1Þ

dzjK1

CQlv�ðkC1Þ
iðjK1=2Þ ðC

lðkC1Þ
i ÞjK1=2

(D.4)

In Eq. (D.4), transport coefficients Dlv�
i and

isotopic liquid concentration Cl
i must be evaluated

at the inter-nodes, while they are known at the

nodes. Arithmetic means are used for that purpose,

leading to:

ðClðkC1Þ
i ÞjK1=2 Z

ClðkC1Þ
iðjK1Þ CClðkC1Þ

ij

2
(D.5)
ðClðkC1Þ
i ÞjC1=2 Z

ClðkC1Þ
ij CClðkC1Þ

iðjC1Þ

2
(D.6)

Dlv�ðkC1Þ
iðjK1=2Þ Z

Dlv�ðkC1Þ
iðjK1Þ CDlv�ðkC1Þ

ij

2
(D.7)

Dlv�ðkC1Þ
iðjC1=2Þ Z

Dlv�ðkC1Þ
ij CDlv�ðkC1Þ

iðjC1Þ

2
(D.8)

For the Qlv�
i coefficient, the following approxi-

mation of Eq. (21) was retained:

Qlv�ðkC1Þ
iðjK1=2Þ Zql

jK1=2 Cqv
jK1=2

b
�ðkC1Þ
iðjK1Þ Cb

�ðkC1Þ
ij

2

K
Dv�ðkC1Þ

iðjK1Þ CDv�ðkC1Þ
ij

2

b
�ðkC1Þ
ij Kb

�ðkC1Þ
iðjK1Þ

dzjK1

(D.9)

Qlv�ðkC1Þ
iðjC1=2Þ Zql

jC1=2 Cqv
jC1=2

b
�ðkC1Þ
iðjC1Þ Cb

�ðkC1Þ
ij

2

K
Dv�ðkC1Þ

iðjC1Þ CDv�ðkC1Þ
ij

2

b
�ðkC1Þ
iðjC1Þ Kb

�ðkC1Þ
ij

dzj

(D.10)

It takes advantage of the liquid and vapour water

fluxes being calculated at the internodes by the model.

Eq. (D.4) can be rewritten as a function of liquid

isotopic concentrations at the various nodes, leading

to

A1ijC
lðkC1Þ
iðjK1Þ CA2ijC

lðkC1Þ
ij CA3ijC

lðkC1Þ
iðjC1Þ

Z Bij 2% j%N K1 (D.11)

where

A1ij ZK
Dlv�ðkC1Þ

iðjK1=2Þ

dzjK1

K
Qlv�ðkC1Þ

iðjK1=2Þ

2
(D.12)

A2ij Z
Dzj

DtkC1
QkC1

ij C
Dlv�ðkC1Þ

iðjC1=2Þ

dzj

C
Qlv�ðkC1Þ

iðjC1=2Þ

2

C
Dlv�ðkC1Þ

iðjK1=2Þ

dzjK1

K
Qlv�ðkC1Þ

iðjK1=2Þ

2
(D.13)
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A3ij ZK
Dlv�ðkC1Þ

iðjC1=2Þ

dzj

C
Qlv�ðkC1Þ

iðjC1=2Þ

2
(D.14)

Bij Z
Dzj

DtkC1
Qk

ijC
lk
ij (D.15)
D.2. Discretisation for layer jZ1

For the first layer, the value of the above

coefficients depends on the choice of the boundary

condition type.

For a known value of the liquid isotopic concen-

tration Cl
is, coefficients read:

A1i1 Z 0; A2i1 Z 1; A3i1 Z 0; Bi1 Z Cl
is

(D.16)

If a prescribed value of the liquid isotope flux Ei

(kg mK2 sK1) is imposed at the soil surface, coeffi-

cients become:

A1i1 Z 0 (D.17)

A2i1 Z
Dzj

DtkC1
QkC1

i1 C
Dlv�ðkC1Þ

ið1C1=2Þ

dz1

C
Qlv�ðkC1Þ

ið1C1=2Þ

2
(D.18)

A3i1 ZK
Dlv�ðkC1Þ

ið1C1=2Þ

dz1

C
Qlv�ðkC1Þ

ið1C1=2Þ

2
(D.19)

Bi1 Z
Dz1

DtkC1
Qk

i1Clk
is CEi (D.20)
D.3. Discretisation for layer jZN

At the bottom of the soil profile, a known value of

the liquid isotopic concentration Cl
iN leads to the

following expressions of the coefficients:

A1iN Z 0; A2iN Z 1; A3iN Z 0; BiN Z Cl
iN

(D.21)

For a prescribed value of the isotope flux qiN Z
qNClk

iN (kg mK2 sK1), coefficients read:

where

A1i1 ZK
Dlv�ðkC1Þ

iðNK1=2Þ

dzN

K
Qlv�ðkC1Þ

iðNK1=2Þ

2
(D.22)
A2iN Z
2DzN

DtkC1
QkC1

iN C
Dlv�ðkC1Þ

iðNK1=2Þ

dzNK1

K
Qlv�ðkC1Þ

iðNK1=2Þ

2
(D.23)

A3i1 Z 0 (D.24)

BiN Z
2DzN

DtkC1
Qk

iNClk
iN KqiN (D.25)
D.4. Final linear system to be solved

The above discretized equations can finally be

written in a matrix form

½A�½X� Z ½B� (D.26)

where

½X� Z

ClðkC1Þ
i1

ClðkC1Þ
i2

$

ClðkC1Þ
ij

$

ClðkC1Þ
iN

2
66666666664

3
77777777775

and ½B� Z

Bi1

Bi2

$

Bij

$

BiN

2
666666664

3
777777775

The matrix [A] is tridiagonal:

½A�Z

A2i1 A3i1

A1i2 A2i2 A3i2

$ $ $

A1ij A2ij A3ij

$ $ $

A1iðNK1Þ A2iðNK1Þ A3iðNK1Þ

A1iN A2iN

2
666666666664

3
777777777775

This linear system is easily solved by using the

Thomas algorithm proposed by Douglas et al.

(1959) and given in details in Touma (1984). It

provides the values of the liquid isotopic concen-

tration at all the nodes of the soil. The vapour

isotopic concentration can be deduced from Eq. (14)

and the values converted to delta notations using

Eqs. (5) and (6).
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