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Abstract

The motion of long bubbles into Newtonian and non-Newtonian $uids con5ned in horizontal circular tubes, rectangular channels,
and square cross-sectional channels has been studied both theoretically and experimentally. Of particular interest is the determination
of residual liquid 5lm thickness on the walls. Isothermal experiments have been conducted to measure the displacement of the
gas–liquid interface as a function of the applied pressure di<erential. The velocity of the interface and residual liquid 5lm thickness
have been determined for both Newtonian and non-Newtonian (shear thinning and viscoelastic) $uids. These experimental results
are in good agreement with similar experimental studies conducted by other investigators. The experimental results indicate that
the liquid 5lm thickness of constant viscosity viscoelastic $uids (Boger $uids) deposited on the tube wall is thicker than that of
comparable Newtonian $uids.

A simple mathematical analysis was developed using a power-law model. The mathematical model successfully captures the
gas–liquid dynamics for Newtonian and non-Newtonian $uid displacement in a tube and rectangular channel. The prediction of
the liquid fraction deposited on the walls is in qualitative agreement with the experimental observations of previous investigators
(Chem. Eng. Sci. 24 (1969) 471; A.I.Ch.E. 16 (1970) 925; Chem. Eng. Sci. 30 (1975) 379). The model gives similar results to a
numerical solution (Polm. Eng. Sci. 35 (1995) 877) in which a constitutive equation containing a yield stress is used to model the
non-Newtonian behavior. The model is used to determine the location and velocity of the advancing bubble front for the case of a
power-law $uid. The results indicate that the gas–liquid interface advances more rapidly with decreasing values of the power-law
index above a certain value of dimensionless time (t=tb ≈ 0:75). ? 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The motion of long bubbles into Newtonian $uids con-
5ned in horizontal cylindrical tubes or channels of rectan-
gular cross-section (Hele–Shaw cell) has been studied for
several years. When a less viscous $uid displaces a more
viscous $uid from the gap between two closely-spaced
parallel plates, the interface develops a tongue-like shape
with the less viscous $uid penetrating into the more vis-
cous $uid. Similarly, when air is forced into one end
of a circular tube containing a viscous liquid, it forms
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a round-ended column or bullet-like shape which travels
down the tube forcing some liquid out at the far end and
leaving a fraction of the liquidm, in the form of an annular
layer covering the wall. In the case of a square channel the
shape of the less viscous $uid penetrating into the more
viscous $uid depends on the velocity of the penetrating
$uid. If the velocity of the penetrating $uid (called the
bubble or 5nger hereafter) is larger than a certain limiting
value, the bubble assumes a bullet-like shape; otherwise,
the bubble conforms to the shape of the square channel. In
a rectangular channel, if the capillary number, Ca=�ub=�
is not too large, a single steady-state tongue-like shape
moves through the cell with constant velocity ub, where
� is the viscosity of the driven liquid, ub is the bubble
velocity, and � is the gas–liquid interfacial tension. In a
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Fig. 1. Schematic diagram of gas-assisted displacement.

circular tube or square channel the bullet-like shape of
the bubble persists even at a very large capillary number.
In other words, the 5ngering e<ect does not occur in the
case of a long bubble advancing in either a circular tube
or a square channel at large capillary numbers.

A similar two-phase $ow occurs in gas-assisted injec-
tion molding, a process for fabricating hollow thermo-
plastic parts in which the injection of molten plastic into
a mold is assisted by pressurized gas. Because the pres-
sure is transmitted through the inviscid gas with mini-
mal losses, parts can be fabricated with lower clamping
force and with a more uniform pressure distribution than
in conventional injection molding.

In recent years there has been a considerable interest
shown in gas-assisted injection molding. This molding
process o<ers a cost-e<ective means of production of hol-
low plastic parts. The process has resolved many prob-
lems associated with conventional injection molding such
as reduction in warpage and elimination of sink marks. It
also o<ers other bene5ts such as high rigidity, reduction
in clamp force, part weight reduction, cycle time reduc-
tion, improved surface 5nish and permitting the design
of parts with variable wall thickness.

In general, gas-assisted injection molding can be de-
scribed by four consecutive stages (see Poslinski et al.,
1995). The 5rst stage consists of the familiar fountain
$ow. The second stage (primary gas penetration) is the
principal subject of this paper and is also encountered in
other industrial operations such as oil recovery and the
coating of monolithic structures for the manufacture of
automotive catalytic converters.

Four distinct $ow regions can be identi5ed during pri-
mary gas penetration (see Fig. 1); the advancing melt
front, the deforming viscous melt, the penetrating gas
front, and the stagnant material already hollowed out by
the gas. The 5rst two regions are identical to conven-
tional mold 5lling. Because the ratio of the part thickness
to the overall size of the molded plastic part is normally
much less than unity, the bulk of the deformation can be
described by balancing the pressure gradient in the $ow
direction with the shear stress variation across the thick-
ness direction. In order to complete a more rigorous anal-
ysis, the in$uence of secondary $ows near the melt and
gas fronts need to be included.

The numerical techniques which have been well de-
veloped by Kamal, Goal, and Chu (1988), Friedrichs
and GJu*c eri (1993), and others for conventional injec-
tion mold 5lling can be used for analyzing the melt front
region in gas-assisted injection mold 5lling without mod-
i5cation. However, these analyses needs to be modi5ed
in order to model the gas-molten polymer interface asso-
ciated with gas-assisted injection molding.

The bubble front region is important in the gas-assisted
displacement process especially in rectangular channels
since Sa<man and Taylor (1958), Pitts (1980), Tabeling,
Zocchi, and Libchaber (1987), and others, experimen-
tally observed that instability of the gas front (5ngering)
occurs as the bubble velocity is increased. The bubble ve-
locity depends on the pressure of the gas, and determines
the extent of penetration and the resulting wall thickness
of gas-assisted molded parts.

The study of gas-assisted displacement of Newtonian
$uids in circular tubes and rectangular channels is rele-
vant for determining the 5lm thickness, bubble shape, and
stability of the process and has been investigated exten-
sively. Koelling and Kaminski (1996) studied experimen-
tally gas-assisted injection molding for several molten
polymers (polystyrene, polyvinyl chloride, and polycar-
bonate). They reported that the wall thickness along the
gas $ow path is a strong function of residual time, gas
bubble velocity, and material rheology. The residual time
is de5ned for each point on the $ow path of the gas bub-
ble as the di<erence in time between the passing polymer
melt front and the moving bubble tip. There is no well
established numerical technique to predict the wall thick-
ness distribution and location of the gas front region as-
sociated with gas-assisted injection molding. An accurate
prediction of these two quantities is important for evalu-
ating the structural performance of the 5nished product.
Some investigators (see Turng & Wang, 1991; Turng,
1993) have claimed that they have developed a numerical
technique capable of determining the wall thickness and
front region; on the other hand, other investigators (see
Moritzer & Potente, 1996; Poslinski et al., 1995) have
indicated that current numerical techniques lack the capa-
bility to accurately determine the wall thickness and gas
front location. The determination of the wall thickness,
the secondary gas penetration, and the gas front loca-
tion still requires additional research. As mentioned pre-
viously, gas-assisted liquid displacement, has been exten-
sively investigated for more than sixty years. Fairbrother
and Stubbs (1935) performed the 5rst experiments to de-
termine the amount of liquid left inside a tube when it is
displaced by another immiscible $uid. They determined
the $ow rate of the liquid by measuring the motion of the
gas interface in the tube. An empirical correlation for the
fraction of the liquid deposited on the walls of the tube
was formulated as follows:

m = (ub − u)=ub = 1:0 Ca1=2 = (�ub=�)1=2: (1)
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This result was found satisfactory for capillary numbers
between 10−3 and 10−2. When the tube is not completely
5lled with the test liquid and open to the atmosphere, the
gas interface will move faster than the average velocity of
the liquid due to the deposition of a thin 5lm of liquid on
the walls of the tube. If the tube is long enough, blowout
will take place somewhere within the tube.

Isothermal gas-assisted displacement of Newtonian liq-
uids in circular tubes was also experimentally studied by
Taylor (1961). By plotting the fraction of the liquid as
a function of the capillary number, he collapsed the data
onto a single curve, and showed that this fraction asymp-
totically approached the value of 0.56 for a capillary num-
ber nearly equal to 2. Cox (1962, 1964) extended Tay-
lor’s result to capillary numbers up to 10 and showed that
the limiting fraction of the liquid deposited on the walls
of the tube was approximately 0.6. His theoretical analy-
sis resulted in a fourth-order di<erential equation in terms
of the stream function. Inertial and gravitational forces
were neglected. The streamlines were assumed to be a
speci5c function of the spatial coordinates. The govern-
ing equations were expressed in a matrix form and solved
numerically.

Bretherton (1961) also undertook a theoretical analysis
of this problem for circular capillaries. He found an ap-
proximate solution using the method of matched asymp-
totic expansions. The idea behind this theoretical treat-
ment is that for suNciently small Ca the viscous stresses
appreciably modify the static pro5le of the bubble only
very near to the wall. In this region, the lubrication ap-
proximation gives a good description of the $ow 5eld
and of the interface pro5le. Using the lubrication ap-
proximation which requires quasi-unidirectional $ow in
the thin liquid 5lm and assuming the slope of the $uid–
$uid interface to be small, it can be shown that the ve-
locity pro5le is parabolic. The bubble is assumed to be
inviscid resulting in a constant pressure within the bub-
ble. The pressure in the liquid 5lm is given by the pres-
sure drop across the interface which is approximated by
the Young–Laplace equation. Bretherton (1961) also sys-
tematically explored a number of possible causes for the
discrepancy between the analysis and experimental data.
Schwart, Princen, and Kiss (1986) considered the same
problem and found some di<erences in liquid 5lm thick-
ness for suNciently long bubbles, as compared to short
bubbles.

An experimental study by Marchessault and Mason
(1960) used air bubbles in a dilute aqueous solution of
potassium chloride. Film thicknesses were inferred from
resistance measurements and were found to be substan-
tially larger than those reported by Bretherton. The resid-
ual wetting layer of the displaced liquid will vary with
the velocity of advance of the interface. Numerical stud-
ies of capillary-tube displacement of a wetting liquid by
a semi-in5nite inviscid slug of gas have been presented.
Both Reinelt and Sa<man (1985) using a 5nite-di<erence

method and Shen and Udell (1985) using a 5nite ele-
ment approach solved the full creeping-motion equations
with the continuity of stress imposed exactly on the free
surface.

Ratulowski and Chang (1989) investigated a single dis-
crete bubble and the motion of a long bubble in a circular
tube and square channel. They determined the fraction
of liquid deposited on the walls of the tube or channel
and the pressure drop across the bubble front. Accord-
ing to their study, a single isolated bubble resembles an
in5nitely long bubble in terms of determining the 5lm
thickness and pressure drop across the bubble front if the
length of the bubble exceeds the channel width. Their
analysis is only valid for Ca¿ 3 × 10−3.

The $ow of invicid bubbles and viscous drops in capil-
lary tubes has been theoretically studied by Westborg and
Hassager (1989) using a Galerkin 5nite element method.
They indicated that the results of simulation show good
agreement with published experimental data.

Kolb and Cerro (1991) studied the isothermal
gas-assisted displacement of a Newtonian liquid from
a channel of square cross-section and showed that the
liquid deposited on the wall of the square tube also ap-
proaches an asymptotic limit at high capillary numbers.
Above Ca = 0:1, the gas forms a circular hollow core
and thicker liquid deposition; below Ca =0:1, the hollow
core takes on the square cross-section of the tube as the
deposition thickness is reduced. The above study was
extended (Kolb & Cerro, 1993) by adding the lubrica-
tion approximation for intermediate to large capillary
numbers where the $ow is axisymmetric. In their work
the 5lm thickness on the walls of the square channel can
be predicted as a function of capillary number since the
velocity pro5le of the $uid $owing between the bubble
and the square channel walls is known. It was claimed
that the lubrication approximation solution is in good
agreement with experimental data for values of capillary
numbers between 0.7 and 2.0.

Unlike previous investigators, Poslinski et al. (1995)
investigated non-Newtonian $uids deposited on the
walls of a tube. They found that the fraction of the
non-Newtonian $uid deposited on the walls is less than
that of a corresponding Newtonian $uid at a low capil-
lary number. At a higher capillary number the fraction
of the liquid deposited asymptotically increases and
approaches a value of 0.58.

Ro and Homsy (1995) performed an asymptotic anal-
ysis of the gas-assisted displacement of a non-Newtonian
$uid in a Hele–Shaw cell. The e<ects of normal stress
and shear stress thinning in determining the 5lm thickness
and the pressure jump across the interface were exam-
ined. Viscoelastic $uids were modeled by an Oldroyd-B
constitutive equation and the solutions for the constant
5lm thickness region and the static meniscus region were
matched in the transition regime as for the Newtonian
case (see Park & Homsy, 1984).
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The planar geometry or Hele–Shaw cell consists of
two closely-separated parallel plates having a distance 2d
between them. The sides of this rectangular channel are at
a distance 2Z0 apart where d�Z0 parameter � is de5ned as
(thickness of gas bubble)=(distance between the plates).
For the cylindrical tube � is de5ned as (diameter of the
bubble)=(diameter of the tube). In the rectangular channel
the thickness of the tongue-like shape is 2�d and its width
is 2�w Z0, where the parameter �w is equal to (width of
the bubble)=(width of the rectangular channel).

The determination of the value of � and �w has been
a subject of much interest. The determination of �w as
a function of capillary number Ca, for di<erent cell as-
pect ratios, Z0=d, has been examined experimentally by
Sa<man and Taylor (1958), Pitts (1980), and Tabeling et
al. (1987). Sa<man and Taylor (1958) and Pitts (1980)
found that the value of �w decreases monotonically to
0.5 when the bubble velocity is increased. In contrast,
Tabeling et al. (1987) reported that the value of �w never
decreases to 0.5 when the bubble velocity is increased.
The problem was reconsidered by McLean and Sa<man
(1981) by including surface tension e<ects due to the
lateral curvature of the interface of the advancing 5n-
ger. In their numerical study the value of �w was close
to 0.5 at large bubble velocity which is in good agree-
ment with the experimental data. At low velocities (i.e.
Cb=12 Ca(Z0=d)2 ¡ 100), the agreement with the exper-
iment was ambiguous since the 5nger sizes predicted by
the theory were signi5cantly below those actually mea-
sured. They found that the incorporation of surface ten-
sion and cell aspect ratio did not remedy or reduce the
disagreement between theory and experiment in terms of
calculating the value of �w as a function of Cb. The ap-
proach of Bretherton (1961) was reconsidered by Park
and Homsy (1984) in the horizontal Hele–Shaw cell at a
very low capillary number. The problem was solved us-
ing a perturbation method with an asymptotic expansion
of Ca1=3 and the ratio of the gap width to the transverse
characteristic length �e = d=Z0 as small quantities. They
obtained relationships between �; Ca, and �e for calculat-
ing the 5lm thickness and pressure jump across the bub-
ble front. The resulting expressions were compared with
the results of Bretherton (1961) and Landau and Levich
(1942) and were considered to give improved results.

Reinelt (1987a) extended his earlier work by determin-
ing the perturbation solution of the axisymmetric $ow
problem for small values of Ca and �=d=R. In his study,
some of the boundary conditions were improved by in-
corporating the 5lm thickness into the kinematic bound-
ary condition and taking into account the dependence of
Pp on the capillary number. The problem was also nu-
merically solved using a conformal mapping method and
the numerical results were presented in another paper
(Reinelt, 1987b).

Huzyak and Koelling (1997) experimentally investi-
gated the gas-assisted displacement of non-Newtonian

$uids deposited on the walls of a tube. They examined
the e<ect of $uid elasticity and tube diameter on the frac-
tional coverage. They concluded that unlike Newtonian
$uids, the fractional coverage for viscoelastic $uids did
not reach an asymptotic value but continued to increase,
attaining a value in excess of 0.75 and that the fractional
coverage of viscoelastic $uids decreases with increasing
tube diameter.

In a recent study, Chen, Hu, Jong, and Jeng (1997)
indicated that a complete computer-aided engineer-
ing (CAE) package of the entire gas-assisted injection
molding process is not available at the present time.
They developed a uni5ed CAE model using ANSYS
and claimed that it can be used for structural analy-
sis, process simulation, and warpage calculations for a
gas-assisted injection molded part. Another simulation
was recently developed by Chang, Tsai, and Hsu (1997)
and was applied to the analysis of the gas-assisted injec-
tion molding process. Dynamic animation of the results
was utilized to mimic the dynamics of the polymer
melt, gas injection and gas penetration behavior during
5lling and packing. However, their simulation did not
allow them to examine the interaction of $uid $ow and
heat transfer, where secondary gas penetration takes
place.

Soh and Chung (1997) performed experiments for
determining the $ow direction of a long bubble in the
gas-assisted injection molding process. In their study, gas
was injected into a molten polymer and the $ow direction
was observed experimentally. They examined di<erent
initially 5lled lengths from the gas injection point, two
di<erent diameter tubes, and two di<erent geometries.
Although the non-Newtonian polymer was modeled as a
Newtonian $uid, the experimental observations were in
qualitatively good agreement with the simulation. They
concluded that the gas always preferred the direction of
least resistance which coincides with the pressure drop
in the axial direction.

Although some studies have included non-Newtonian
or viscoelastic $uids, the e<ects of shear thinning, nor-
mal stresses, and viscoelasticity on the liquid 5lm thick-
ness require further experimental and theoretical investi-
gation. Although some experiments were performed us-
ing a shear thinning and viscoelastic $uid by Huzyak and
Koelling (1994), the e<ects of shear thinning and elas-
ticity of $uid were not clearly di<erentiated.

The primary purpose of the present study was to visu-
alize the dynamics of gas penetration into non-Newtonian
$uids and to characterize the part thickness around the
hollow core (fraction of liquid deposited on the walls
of the mold) as a function of the $uid rheology. Also,
the e<ects of steady state and unsteady bubble veloc-
ity on the liquid 5lm thickness were experimentally in-
vestigated. The experimental results will provide insight
into the gas–liquid dynamics during the displacement
process.
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2. Gas–liquid dynamics for non-Newtonian �uids in
gas-assisted displacement

When gas is injected into a partially 5lled circular (or
rectangular) horizontal channel at the 5lled end of the
channel, the moving bubble assumes its 5nal bullet-like
shape within a distance of a few tube diameters and the
motion pushes some of the liquid towards the far end of
the tube. If the tube is long enough, blowout takes place
within the tube or channel. In general, the velocity of the
long gas bubble depends upon the process variables such
as the gas pressure, the initially 5lled liquid length, the
tube diameter (or distance between the plates), and the
amount of liquid between the bubble front and the liquid
front. If all other parameters are kept constant except for
the amount of liquid between the bubble front and the
liquid front (which must decrease with time or otherwise
the coating thickness on the wall would not exist) the ve-
locity of the bubble will necessarily change as a function
of the amount of liquid between these two points.

Consider the case of liquid displacement con5ned in
a horizontal tube or channel. For the case of displace-
ment between two $at, parallel, closely seperated hor-
izontal plates, a two-dimensional approximation to the
$ow is valid. The equations of continuity and motion for
an incompressible Newtonian or non-Newtonian $uid are
given by
1
ẏ a

@
@ẏ

(ẏ au̇) +
@v̇
@ẋ

= 0; (2)

�
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@v̇
@ṫ

+ v̇
@v̇
@ẋ

+ u̇
@v̇
@ẏ

)
= −@ṗ

@ẋ

−
[

1
ẏ a

@
@ẏ

(ẏ a�yx) +
@�xx
@ẋ

]
; (3)

�
(
@u̇
@ṫ

+ v̇
@v̇
@ẋ

+ u̇
@u̇
@ẏ

)
= −@ṗ

@ẏ

−
[

1
ẏ a

@
@ẏ

(ẏ a�yy) +
@�xy
@ẋ

]
: (4)

The parameter a has a value of either 0 or 1 depending
on the geometry (0 corresponds to the planar case and 1
corresponds to a cylindrical geometry). �ij is the stress
tensor and ṗ is the pressure. The velocity components v̇
and u̇ are in the ẋ and ẏ directions, respectively. The ẏ
axis is taken normal to the channel plates (or tube wall)
with the origin at the mid-plane (or tube axis). Thus ẏ
has the value of ±d for the planar case (or d for the
cylindrical case) at the solid boundaries.

3. Gas–liquid dynamics for a circular tube

In this analysis of the gas-assisted displacement pro-
cess, a power-law model is used in order to derive
the equations describing the gas–liquid dynamics of a

non-Newtonian $uid. Following the analysis of Poslin-
ski et al. (1995), a simple model for the displacement
process in a cylindrical tube, or other geometry, can be
derived by neglecting the curvature of the interface. The
total liquid to be displaced is �d2X0 for a cylindrical tube
and 4dX0Z0 for a rectangular channel, where d denotes
either the radius of the tube or mid-plane distance to the
wall of the channel, X0 is the initial length of liquid in
the axial direction, and Z0 is the half width of the channel
(see Fig. 1). At time t = 0 a pressurized gas is injected
at x = 0, the 5lled end of the tube, in order to initiate the
gas-assisted displacement process. The pressure di<er-
ence Ppa = pg − pa results in the formation of a long
bubble in the tube or channel causing displacement of
the liquid, where pg is the applied gas pressure and pa is
the ambient pressure. At any instant tl; X; L and ul; ub
indicate the average positions and average velocities of
the liquid front and the bubble front, respectively. When
the bubble moves forward in the tube, a deposited liquid
layer of thickness b remains on the walls of the tube or
channel. The fraction of the liquid deposited on the walls
of the tube is given by

m = 1 − 1
L

∫ L

0
(1 − E)2 dx; (5)

where the thickness ratio E=b=d is, in general, a function
of the axial length x. In the limiting case of b=0, the gas
bubble completely 5lls the entire tube and the liquid ve-
locity becomes equal to the bubble velocity and blowout
never takes place within the tube. This case is only pos-
sible where perfect slip exists along the tube wall. For
b¿ 0, the distance between the liquid front and the bub-
ble front X − L continually decreases with time. An un-
hindered motion then causes blowout of the gas through
the liquid front at t = tb and X = Lb. The blowout ra-
tio Lb=X0 characterizes the distance traveled by the liquid
front relative to its initial axial position.

A mass balance expression can be written as follows:

X − X0 =
∫ L

0
(1 − E)2 dx: (6)

Combining Eqs. (5) and (6) gives

X − X0 = (1 −m)L =
∫ L

0
(1 − E)2 dx: (7)

According to this expression the blowout position X =
L=Lb is solely determined by the initial liquid length and
the coating volume fraction, i.e. Lb = X0=m. The liquid
thickness does not change with time once it is formed by
the advancing gas front. Although E; in general, depends
on the position of the bubble L, it does not explicitly de-
pend on time. In other words, the value of E at a partic-
ular location within the tube will not change with time.

After integration of Eq. (6) assuming that E does not
change with axial position of the bubble, the result equa-
tion is di<erentiated with respect to time in order to
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obtain the relationships between the velocity of the liquid
front and bubble front and the resulting equation is

dX
dt

= (1 − E(L))2 dL
dt

: (8)

As can be seen from Eq. (8) for the limiting case E = 0,
the liquid front and bubble front move with the same
average velocity and during the displacement the distance
between these two points X −L remains unchanged from
the initial value of X0. As a result blowout will never
occur within the tube. Since the liquid is deposited on the
wall of the tube E¿ 0; X−L continually diminishes with
time and the gas penetration rate increases by a factor
1=(1 − E(L))2. If it is assumed that the bubble takes its
5nal shape within a few tube diameters, Eq. (8) can be
written as follows:

dX
dt

= (1 − E∞)2 dL
dt

: (9)

An analytical solution at high bubble velocities can be
obtained by assuming that the gas pressure reaches its
5nal value instantaneously and remains 5xed during the
entire displacement process. Under these conditions, the
thickness ratio has a constant value of E∞.

The average liquid velocity can also be obtained from
the equation of motion for steady tube $ow using a
power-law model for a non-Newtonian $uid. In this ap-
proach the frame of reference is taken with respect to the
stationary walls of the tube or channel. In order to nondi-
mensionalize the governing equations, the scaling factors
are chosen accordingly and the relevant dimensionless
quantities are de5ned as follows:
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�uid2

MLb

x =
ẋ
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ṗ
P
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MuiLb

d2 ; t =
ṫui
Lb

;

where Lb is the blowout length, ui is the initial bubble
velocity, and M is an apparent viscosity. For the circu-
lar tube (a is taken to be equal to 1) Eqs. (3) and (4)
become
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:

In the gas-assisted displacement process, the inertia terms
are negligible compared with the viscous terms. Thus,
Re and (d=Lb)2 are very small in comparison with unity.
For Re�1 and (d=Lb)2�1 the above equations become

@p
@x

=
1
y

@
@y

(
�y

@v
@y

)
; (10)

@p
@y

= 0; (11)

where � is the viscosity of the liquid which depends on the
rate of strain for a non-Newtonian $uid. In this analysis,
a power-law model is considered where the viscosity is
de5ned as

�̇ = K(II()(n−1=2)
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The second scalar invariant is
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Thus � in a dimensionless form for a power-law $uid is
given by
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:

When (d=Lb)� 1 the above equation becomes

� = M
∣∣∣∣ @v@y

∣∣∣∣
n−1

;

where M = (ui=d)n−1 can be considered as the appar-
ent viscosity at a (nominal) shear rate of (ui=d). Since
@v=@y¡ 0 for all y in tubular $ow and when Pp=Px¡ 0
the average liquid velocity for a power-law $uid is given
by

Tv =
d*+1

* + 3

[
1

2M
@p
@x

]*
; (12)
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where *= 1=n. Eq. (12) is obtained subject to the bound-
ary conditions @v=@y = 0. An analytical solution at high
bubble velocities can be obtained by assuming that the
gas pressure reaches its 5nal value instantaneously and
remains 5xed during the entire displacement process, i.e.
PPg = PPa(PPg = Pg − Pa, PPa = P − Pa; Pg: gas
pressure, P: pressure from $uid $ow, and Pa: ambient
pressure). Therefore, taking @p=@x = Ppa=(X − L) in
Eq. (12) and substituting into Eq. (9) gives

(1 − E∞)2 dL
dt

=
d*+1

* + 3

[
1

2M
Pp

(X − L)

]*
(13)

combining Eqs. (7) and (13) and the resulted equation
integrated with respect to t from 0 to tb and L from 0 to
Lb gives

1
* + 1

[X *+1
0 − (X0 −mLb)*+1]

=
md*+1

(1 −m)(* + 3)

(
Ppa

2M

)*
tb; (14)

where tb is the blowout time. The initial velocity ui, is
de5ned as Lb=tb and is given by

ui =
1

1 −m

(
* + 1
* + 3

)
d*+1

X *
0

(
Ppa

2M

)*
: (15)

The blowout time can be found by substituting Lb =X0=m
into Eq. (14)

tb =
1 −m
m

(
* + 3
* + 1

)(
X0

d

)*+1(Ppa

2M

)−*

: (16)

This expression shows the in$uence of the process
variables on the isothermal gas-assisted displacement
process. As can be seen, a higher viscosity M , and a
larger amount of liquid to be displaced, X0, increases the
$ow resistance thereby reducing the bubble velocity and
delaying blowout. A higher gas pressure and a larger
cross-sectional $ow area facilitate the displacement
process. The power-law index also in$uences the dis-
placement process. From the above equation an increase
in the power-law index will reduce the $ow resistance
thereby increasing the bubble velocity and diminishing
the blowout time. In order to make this point clear, the
blowout time is plotted as a function of pressure drop for
various values of the power-law index in Fig. 2. M and
m were taken to be constant in equation for evaluating
the blowout time. In general, m depends on Pp; M , and
the power-law index (the variation in m and M will af-
fect the process in a similar way). M also depends upon
the power-law index. Therefore no attempt was made to
compare this result quantitatively with the experimental
data even though the computed results from Eq. (16)
were found to be in quantitative agreement with the ex-
perimental data for a Newtonian $uid. As can be seen
in Fig. 2, the blowout time increases with decreasing
power-law index thereby decreasing the bubble velocity.
A similar trend was also observed experimentally.

After some manipulations, normalized bubble front and
liquid front, respectively, are obtained as follows.

L
Lb

= 1 −
(

1 − t
tb

)1=*+1

; (17)

X
Lb

= 1 − (1 −m)
(

1 − t
tb

)1=*+1

: (18)

The liquid front and the bubble front velocities can be
obtained by di<erentiating Eqs. (18) and (17) directly.
Thus

ul
ui

=
1 −m
* + 1

(
1 − t

tb

)−(*=*+1)

; (19)

ub
ui

=
1

* + 1

(
1 − t

tb

)−(*=*+1)

: (20)

During the gas-assisted displacement process, the bubble
position, the liquid front, and the liquid and bubble veloc-
ities can be calculated analytically from Eqs. (17)–(20),
respectively. The corresponding expressions for a New-
tonian $uid (n = 1) have been given by Poslinski et al.
(1995). Although viscoplastic $uids were examined ex-
perimentally in their paper, the theoretical analysis was
obtained with the assumption that the $uid is Newtonian.
X=Lb; L=Lb; t=tb can be considered as the normalized

liquid front position, bubble front position, and normal-
ized time, respectively. These variables and the liquid
front and bubble front velocities are evaluated from the
above analytical solution for di<erent values of n as
shown in Fig. 3. Blowout always takes place at L=Lb = 1
and t=tb = 1. Although the liquid front and bubble veloc-
ities are divided by the average velocity, blowout does
not occur at ul=ui = 1 or ub=ui = 1 since the liquid front
and bubble front velocity exceed the average velocity at
some position within the tube.

4. Gas–liquid dynamics for a rectangular channel

A simple model for the gas-assisted displacement in a
rectangular or square channel can also be derived by ne-
glecting the curvature of the interface. The mass balance
requires that the initially 5lled liquid to be displaced must
be equal to the liquid deposited on the walls of the rect-
angular or square tube plus the displaced liquid down-
stream of the gas front. The initially 5lled liquid volume
is equal to 4Z0X0d. All symbols are the same as pre-
viously de5ned. The following equations can be written
from material balance considerations.

m =
1
L

∫ L

0
E dx; (21)

X − X0 = L−
∫ L

0
E dx: (22)
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Fig. 2. E<ect of power-law index on the blowout time.

Fig. 3. Analytical predictions for (a) liquid front and bubble front position and (b) velocity as a function of normalized time with power-law
index as a parameter.

Here E becomes equal to m for the planar case when edge
e<ects are neglected, where E=b=d and m=1−�. If the
same procedure outlined in the previous section for the
cylindrical tube is followed, the following expressions
result:
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)
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(
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; (23)
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: (28)
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Although the form of the coeNcients in the expressions
for the initial velocity and blowout time depend on the
channel geometry, the time dependence of the liquid and
bubble front position and velocities are the same.

In gas-assisted displacement, these simple models in-
dicate that the deposited liquid thickness on the walls of
the tube or channel decreases with decreasing power-law
index as shown in Fig. 3a. This result qualitatively agrees
with the experimental data of previous investigators (Tall-
madge, 1969, 1970; Spiers et al., 1975). These investiga-
tors report that non-Newtonian $uids give a smaller 5lm
thickness than for a corresponding Newtonian $uid on a
plate or belt associated with the free coating process.

The thinner liquid deposited on the walls of the tube
or channel results in a larger amount of liquid being dis-
placed, adding to the $ow resistance, thus impeding the
gas penetration. For all values of n, the interface veloc-
ity starts to increase slowly in the early stages of gas
penetration and rises rapidly after t=tb ≈ 0:7 as shown in
Fig. 3b.

From the simple mathematical model, the liquid and
bubble position and the liquid and bubble front veloc-
ity can be calculated analytically as a function of dimen-
sionless time for various values of the power-law index.
From this model, the fractional coverage of liquid can be
estimated by considering the liquid and bubble front po-
sition as a function of the power-law index. As expressed
earlier, the fraction of the liquid deposited on the wall
decreases with decreasing power-law index.

5. Experimental

The motion of a long gas bubble into Newtonian and
non-Newtonian $uids con5ned in horizontal circular and
square cross-section channels (gas-assisted liquid dis-
placement) has been studied experimentally. Of particu-
lar interest is the determination of the residual liquid 5lm
thickness on the walls of the tube or channel. Isother-
mal experiments have been conducted to measure the
displacement of the gas–liquid interface as a function of
the applied pressure di<erential. The velocity of the in-
terface and the residual liquid 5lm thickness have been
determined for both Newtonian, non-Newtonian (shear
thinning), and viscoelastic liquids.

Experiments were performed in two types of tube ar-
rangements namely open tubes and valve-mounted closed
tubes. In the gas-assisted injection molding process, dur-
ing mold 5lling and primary gas penetration, the molten
polymer does not encounter any additional resistance ex-
cept $ow resistance until the mold is completely 5lled.
Therefore, most experiments were conducted using tubes
open to the atmosphere. The valve-mounted closed tubes
result in a uniform bubble velocity since the $ow resis-
tance of the $uid in the channel is negligible when com-
pared with the resistance due to the valve. In order to

compare the amount of residual liquid on the wall which
is obtained from open tubes, experiments were also con-
ducted using a valve-mounted closed tube.

6. Apparatus

The experimental arrangement consisted of a gas
supply tank, pressure transducer, transparent plastic or
glass tubes=channels and associated valves and 5ttings
as shown in Fig. 4. The volume of the gas supply tank
(diameter: 14 cm and length: 25 cm) was chosen to be
very large in comparison to the volume of the gas within
the tube or channel in order to minimize pressure $uctu-
ations during the experiments. Pressurized air was used
and was supplied by a local compressed air line and
monitored with a pressure gauge mounted on the tank.
The desired pressure level can be accurately adjusted by
keeping valve B open and valve D closed and reading the
pressure from the pressure transducer for a particular set-
ting of valve C. The line pressure is also independently
measured using a pressure transducer situated close to
the channel assembly. Plastic or glass tubes having four
di<erent diameters (3:17; 4:76; 6:35, and 9:52 mm) and
a length of 50 cm were used. Caliper measurements
showed that the inner radius along the tube length had
a maximum variation of ±0:065 mm. The length of the
tube chosen is long enough such that blowout occurs
within the length of the tube for the applied pressure. As
expected a low gas pressure requires that a long tube be
used in order for blowout to take place within the tube.

Experiments were performed using both Newtonian
and non-Newtonian liquids. Corn syrup, hydroxyethylcel-
lulose HEC (99-250 MR), carboxymethylcellulose CMC
(99-7 HF), and polyacrylamide PAA (percol 336) were
used. The experiments were conducted using 1% and
1.5% CMC by weight and 1–3% HEC by weight. Pure
corn syrup and 94% aqueous solutions were used as the
Newtonian $uids in this study. Mixtures of 0.2–0.4%
PAA by weight with pure corn syrup provided highly
elastic, highly viscous $uids having a viscosity that was
e<ectively independent of shear rate. Other concentra-
tions and viscosity levels of the PAA solutions were ob-
tained by adding di<erent amounts of each concentration
of the PAA into pure corn syrup. Viscosities of the New-
tonian and non-Newtonian liquids were measured using
a Haake Rotovisco viscometer (Model RV 12) with con-
centric cylinder 5xtures. A calibrated glass capillary vis-
cometer was also used to measure the viscosity of the
Newtonian liquids. The surface tension of the liquids was
measured by the pendant drop method. Rheological prop-
erties of Newtonian, shear thinning and viscoelastic $uids
are given in Table 1.

For the case of the open end geometry, the tube or
channel in most experiments was initially 5lled with liq-
uid to a horizontal distance of 15 cm. The velocity of the
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Fig. 4. Schematic diagram of the experimental apparatus.

Table 1
Rheological properties of Newtonian, shear thinning and viscoelastic $uids

Solution Density Viscosity Surface tension Power-law
(g cm−3) (g=cm s) (dyne=cm) index, n

1.0% HEC 0.983 7.35 65.10 0.558
2.0% HEC 0.988 93.77 71.33 0.535
3.0% HEC 0.991 492.53 43.25 0.512
1.0% CMC 0.988 16.36 80.52 0.520
1.5% CMC 0.996 163.17 51.65 0.482
100% Corn Syrup 1.342 49.66 69.05 1.00
94% Corn Syrup 1.335 15.58 101.95 1.00
10 g 0:2% PAA + 90 g Corn S. 1.325 7.45 84.95 ∼ 1:00
15 g 0:4% PAA + 85 g Corn S. 1.320 6.28 71.75 ∼ 1:00

gas bubble and the displaced liquid were determined us-
ing a stop-watch along with the observed positions of the
gas–liquid interface. The moving bubble attained its 5nal
shape within a few diameters of the gas injection point
and translated unchanged along the length of the tube.
When one end of the tube is open to the atmosphere, the
velocity of the gas bubble and liquid displaced by the gas
bubble are dependent upon how much liquid lies between
the nose of the bubble and the moving liquid front. In
other words, the velocity is not steady. The bubble trav-
els faster than the advancing liquid front and rapidly ac-
celerates prior to blowout. However, the fraction of liq-
uid deposited on the wall of the tube was assumed to be
uniform and was calculated from a mass balance. The
magnitude of the error involved in the approximation for
each $uid is 5.97% for 1% HEC, 7.52% for 2% HEC,
8.25% for 3% HEC, 5.40% for 1% CMC, and 12.3 for
1.5% CMC solutions. These errors are calculated based
on the uniform fraction of liquid obtained from a valve
mounted at one end of the tube.

In addition, experiments were conducted using a com-
pletely 5lled tube having a 4:76 mm diameter, 50 cm
length, and a valve mounted at one end. The valve pro-
vides much greater resistance than that due to liquid $ow
in the tube. Thus, a uniform bubble velocity along the ax-
ial direction was obtained. The maximum variation in the

bubble velocity was found to be less than 5% for most
of the test $uids. The capillary numbers were calculated
from the average bubble velocity and viscosity at zero
shear rate for shear thinning $uids. In this case, the frac-
tion of liquid deposited on the tube wall was calculated
by weighing the liquid expelled by the long gas bubble
since the initial amount of liquid within the tube is known
from the liquid density, tube diameter, and length.

7. Experimental results

7.1. Results for tubes open to the atmosphere

The following experimental results are for tubes open
to the atmosphere unless otherwise stated. Experiments
were conducted on di<erent $uids by varying the gas
pressure, the initial liquid length, and the tube radius.
Each experimental condition was repeated six times in
order to check repeatability. It was observed that in the
CMC solutions having concentrations of 1.6% or larger,
the bubble did not move in a symmetric manner along
the axis of the tube or channel and the interface was not
smooth. In other words, the bubble motion in the CMC
solution was erratic.
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Fig. 5. The fraction of liquid deposited on the wall (m) versus
capillary number for di<erent tube diameters.

The fraction of Newtonian $uid (pure corn syrup) de-
posited on the wall for the four di<erent diameter tubes is
shown in Fig. 5 as a function of the capillary number. For
the case of these open end tubes, the fractional coverage
of the liquid on the tube walls is slightly higher than that
reported by Taylor (1961) as can be seen in Fig. 5. This
discrepancy is due to the bubble velocity variation in the
axial direction since the fraction of liquid deposited on
the wall depends upon the bubble velocity.

For tubes having a diameter larger than 6:35 mm gravi-
tational e<ects can become signi5cant. However, in these
experiments the e<ect of gravity is insigni5cant since the
blowout time is usually very short. Di<erent capillary
numbers for a particular tube and liquid are obtained by
varying the pressure of the gas. The deposited 5lm of
liquid on the wall of the tube and the blowout time de-
pend primarily on how fast the gas bubble moves through
the liquid. Increasing gas pressure, shorter liquid length,
larger tube radius and lower liquid viscosity reduce the
$ow resistance and result in higher bubble velocities and
shorter blowout times.

For pure corn syrup solution (Newtonian $uid), the
e<ect of tube diameter on the amount of liquid deposited
on the wall of the tube is shown in Fig. 6 for di<erent
gas pressure levels. Similar results were obtained for the
other liquids studied. As can be seen in Fig. 6, at low gas
pressure the liquid fraction deposited on the wall is more
sensitive to the tube diameter than at high gas pressure.
In other words, the e<ect of tube diameter on the liquid
fraction deposited on the wall gradually decreases with
increasing gas pressure.

For the Newtonian $uid, the blowout length of the
bubble as a function of the gas pressure is shown in Fig. 7
for di<erent tube diameters. As expected, increasing the
gas pressure decreases the blowout length. The in$uence
of the gas pressure on the blowout length is greater for the
smaller tube diameters than for the larger tube diameters.

Fig. 6. The e<ect of tube diameter on the fraction of liquid deposited
on the wall.

Fig. 7. Blowout length or bubble position in pure corn syrup solution
as a function of the gas pressure for di<erent tube diameters.

The fraction of liquid on the tube wall asymptotically
increases to 0.565 and 0.545 for the 100% and 94% corn
syrup solutions, respectively. In order to make this clear,
Fig. 8 shows the liquid deposited on the wall of the tube
as a function of the capillary number for one of the tubes
D = 4:76 mm. In Fig. 8, the lower viscosity liquid starts
with a low fraction of liquid deposited on the wall which
increases more rapidly to its 5nal value compared to the
high viscosity liquid as the capillary number increases.
However, 100% and 94% corn syrup solutions are almost
identical in terms of the fraction of liquid deposited on
the tube wall for a particular tube diameter as can be seen
in Fig. 8.

The thickness of the liquid 5lm deposited on the tube
wall increases with increasing CMC viscosity at a higher
capillary number. In order to illustrate this more clearly
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Fig. 8. The e<ect of viscosity of corn syrup solution on the liquid
fraction on the tube wall (D = 4:76 mm).

Fig. 9. The liquid fraction deposited on the tube wall as a function of
capillary number for 1% and 1.5% CMC solutions (D = 4:76 mm).

the thickness of the liquid 5lm deposited on the wall is
plotted as a function of capillary number for one tube di-
ameter as shown in Fig. 9. If the two CMC solutions (1%
and 1.5%) are compared with each other at low capil-
lary number, the 5lm thickness of the 1% CMC solution
is higher than that of the 1.5% CMC solution. The 5lm
thickness of the higher viscosity (shear thinning) CMC
solution gradually increases with capillary number and at
some point exceeds the thickness of the lower viscosity
CMC solution as can be seen in Fig. 9.

Tallmadge (1969, 1970) and Spiers et al. (1975) ex-
perimentally reported and Poslinski et al. (1995) and Ro
and Homsy (1995) theoretically concluded that at a low
capillary number the liquid 5lm thickness of a shear thin-
ning liquid is lower than that of a corresponding Newto-
nian liquid. However, some theoretical results show that

Fig. 10. The liquid fraction deposited on the tube wall as a function
of capillary number for 1–3% HEC solutions (D = 4:763 mm).

the deposited liquid 5lm thickness of a non-Newtonian
$uid is greater than that of the corresponding Newto-
nian case (see Gut5nger & Tallmadge, 1965; Tallmadge,
1966, 1969; Spiers et al., 1975). The fractions of the 1–
3% HEC solutions as a function of capillary number in-
crease to about 0:48; 0:54, and 0.56, respectively. In or-
der to examine the shear thinning e<ect of HEC solution,
the fraction of HEC solution for a particular tube diame-
ter 4:76 mm is plotted as a function of capillary number
in Fig. 10. As can be seen in Fig. 10 the fraction of the
1–3% HEC solutions as a function of capillary number
increase to about 0:48; 0:54, and 0.56, respectively.

In order to examine the e<ect of concentration of PAA
(viscoelasticity) in pure corn syrup, three di<erent con-
centrations of PAA solutions were prepared and added
to pure corn syrup at three di<erent levels. The weight
percentages of PAA in the mixture (corn syrup + wa-
ter + PAA) were obtained as follows: First, 0.2–0:4% wt
aqueous PAA stock solutions were prepared. Di<erent
amounts of these PAA solutions were added to corn syrup
as shown in Table 2. The liquid fraction deposited on
the tube wall increases with increasing viscoelasticity of
polymer solution. Fig. 11 shows the e<ect of viscoelastic-
ity of polymer solution for experiments conducted using
a particular diameter tube. Higher viscoelasticity (poly-
mer concentrations) result in a thicker fraction of liquid
deposited on the tube wall at almost all values of capil-
lary numbers. The e<ect of the viscoelastic behavior of
$uid by changing solvent nature on the liquid 5lm thick-
ness was examined. The mixture (water + corn syrup +
PAA) viscoelasticity for a constant amount of corn syrup
increases with an increasing amount of PAA. In order to
examine the e<ect of the mixture viscosity, two di<erent
0.02% and 0.03% PAA solutions were prepared by adding
di<erent amounts of corn syrup as shown in Table 2. The
fraction of these solutions deposited on the tube wall as
a function of capillary number is shown in Fig. 11 for a



F. Kamis+li, M. E. Ryan /Chemical Engineering Science 56 (2001) 4913–4928 4925

Table 2
Preparation of PAA solutions with corn syrup

Mixture % Corn syrup % Water % PAA

5 g 0.2% solution + 95 g corn syrup 95 4.990 0.010
10 g 0.2% solution + 90 g corn syrup 90 9.980 0.020
15 g 0.2% solution + 85 g corn syrup 85 14.930 0.030
5 g 0.3% solution + 95 g corn syrup 95 4.985 0.015
10 g 0.3% solution + 90 g corn syrup 90 9.970 0.030
15 g 0.3% solution + 85 g corn syrup 85 14.955 0.045
5 g 0.4% solution + 95 g corn syrup 95 4.980 0.020
10 g 0.4% solution + 90 g corn syrup 90 9.960 0.040
15 g 0.4% solution + 85 g corn syrup 85 14.940 0.060

Fig. 11. The e<ect of viscoelasticity (PAA concentration) on the
liquid fraction deposited on the wall as a function of capillary number
(D = 4:76 mm).

particular diameter tube. As can be seen in this 5gure, the
e<ect of the viscoelastic behavior of the $uid by chang-
ing solvent nature on the liquid 5lm thickness increases
with increasing viscoelasticity (polymer concentration).

7.2. Results for a valve-mounted tube

As stated previously, when the valve is mounted at one
end of a tube, the bubble velocity becomes independent
of the amount of liquid between the bubble front and the
valve since the valve provides much more resistance than
that due to $ow. Thus, a uniform bubble velocity in the
axial direction can be obtained in this arrangement. In
order to compare the results of the open tube with that
of the valve-mounted tube, experiments were performed
using one particular tube diameter (D = 4:76 mm). The
fraction of liquid deposited on the wall as a function of
capillary number is shown in Fig. 12. In this 5gure, the
fractions of di<erent liquids deposited on the tube wall are
compared with one another. As can be seen in the 5gure,
the amount of residual viscoelastic $uid (95% corn syrup
+ 0.015% PAA solution) is larger than that of a New-
tonian $uid (pure corn syrup) and shear thinning $uids

Fig. 12. The liquid fraction deposited on the tube wall as a function
of capillary number for Newtonian, shear thinning, and viscoelastic
$uids (D = 4:76 mm).

(1% HEC and 1% CMC solutions). Similar results were
obtained using the open end tube (see KamX*slX, 1997 for
more detail). The only di<erence between these results is
that the amount of residual liquid on the tube wall for the
open tube is larger than that compared to the correspond-
ing valve-mounted tube. Boger $uids behave nearly iden-
tically to the Newtonian $uids at a low capillary num-
ber. This result is expected since the Boger $uids have
nearly constant shear viscosity and since the elasticity of
the Boger $uids (in the absence of shear thinning) should
not be important at low shear rates. However Boger $uids
exhibit high levels of elasticity at large strain rates (see
Huzyak & Koelling, 1997). Thus, it is possible to con-
clude that increase in fractional coverage at high strain
rates, corresponding to high capillary numbers, is due to
the elasticity of Boger $uids.

Fig. 9 gives the fractional coverage of 1% and 1.5%
CMC solutions as a function of capillary number. The
fraction of 1% CMC solution deposited on the wall is
larger than that of the 1.5% CMC solution at a low cap-
illary number. Similar results were obtained for the open
tube. Ro and Homsy (1995) theoretically examined the
e<ect of shear thinning on the 5lm thickness on the wall
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of the rectangular channel. They concluded that “The
weakening of the viscous shear stress especially near the
wall due to shear thinning decreases the eNciency of the
momentum transfer from the plate to the shear thinning
$uid, resulting in a lower amount of $uid being pulled
out to form 5lms. The e<ect of normal stress thinning
is to lessen the 5lm thinning action of the normal stress.
Also in their study, it has been shown that the horizontal
gradient of the xx normal stress creates forces that tend to
lower the 5lm thickness by resisting the stretching action
of the plate. Therefore, weakening of the horizontal nor-
mal stress reduces the resistance to axial extension and
raises the 5lm thickness”. In the light of the above expla-
nation, it may be concluded that at a low capillary num-
ber, corresponding to low strain rates, 1% CMC solution
shows less shear thinning than that of 1.5% CMC solu-
tion. At a high capillary number the normal stress thin-
ning becomes more important than shear stress thinning
for CMC solutions.

The fractional coverage of the HEC solutions (1–3%
HEC) are compared in Fig. 10. As can be seen in the 5g-
ure, the fractional coverage of the liquid increases with
an increase in shear thinning e<ect of HEC or liquid vis-
cosity at a high capillary number. Similar results are nu-
merically obtained by Poslinski and Coyle (1994). They
have performed numerical simulation of gas-assisted dis-
placement in a tube using a viscosity model which in-
cluded shear thinning e<ects. Numerical results showed
that $uids with a shear thinning viscosity exhibit a smaller
fractional coverage than a Newtonian $uid at the same
capillary number. Fractional coverage was also found to
be smaller for a $uid with a smaller shear thinning index.

As mentioned earlier, the fractional coverage of the
$uid for a valve-mounted tube is less than that of the cor-
responding open tube. These results are expected since
the amount of residual liquid deposited on the tube wall
depends very much upon the bubble velocity. During
gas-assisted displacement in an open tube, the bubble ve-
locity increases as the amount of liquid between the bub-
ble front and liquid front decreases. Therefore, the frac-
tional coverage for the open tube is expected to be higher
than that of the valve-mounted tube.

7.3. Results and discussion

A simple analysis based on a power-law model of a
non-Newtonian $uid was compared with the results of
Poslinski et al. (1995). The Newtonian analysis of Poslin-
ski et al. (1995) may be obtained from the present results
when the power-law index n is taken to be 1. The relative
bubble front and liquid front position with respect to the
blowout length are shown in Fig. 3a as a function of the
relative time to blowout for di<erent values of n. As can
be seen in Fig. 3a the bubble front position is retarded
with decreasing power-law index which is equivalent to

lower gas pressure, longer liquid length or smaller ra-
dius, thereby resulting in a thinner coating thickness. The
thinner coating thickness corresponds to a larger amount
of liquid being displaced, additional $ow resistance, and
an impedance to gas penetration. The same result can be
seen in Fig. 3b. The relative bubble velocity with respect
to the initial bubble velocity decreases with decreasing n
until close to blowout (t=tb ≈ 0:85). Since the fraction of
liquid deposited on the walls depends very much upon
the bubble velocity, low bubble velocity corresponds to
a smaller liquid fraction on the walls. This result qual-
itatively agrees with the experimental data obtained by
Tallmadge (1969, 1970) and Spiers et al. (1975) for free
coating on a vertically withdrawn plate from a liquid bath.
The velocities of the liquid front and the bubble front
increase slowly during the early stages of displacement
and rise rapidly later (t=tb ≈ 0:85). The relative bubble
and liquid velocities decrease with decreasing power-law
index until around t=tb ≈ 0:85 and after this point these
quantities increase with decreasing n as shown in Fig. 3b.
In other words, the bubble accelerates more rapidly in a
shear thinning $uid at later times (t=tb ≈ 0:85). This is
also in agreement with the numerical results of Poslinski
et al. (1995) in which viscoplastic liquids are modeled by
means of a Buckingham–Reiner expression. Based on the
experimental observations it appears that a simple model
successfully captures the gas–liquid dynamics for New-
tonian and non-Newtonian $uid displacement in a tube
and channel. As can be seen in Fig. 3b the relative liquid
velocity is always slower than the relative bubble front
velocity. The bubble velocity exceeds the initial or av-
erage bubble velocity at t=tb ≈ 0:75 (depending on the
value of the power-law index).

In the experimental study, the e<ects of viscoelastic-
ity and shear thinning e<ect on the fraction of liquid de-
posited on the tube wall has been experimentally exam-
ined. It is concluded that while viscoelastic $uids (corn
syrup + PAA solutions) give higher fractional coverage
compared to corresponding Newtonian $uids (pure corn
syrup) the shear stress thinning $uids (1% CMC, 1 and
2% HEC) give lower fractional coverage compared to
corresponding Newtonian $uids. However, an increase in
shear stress thinning (concentration of CMC and HEC)
results in higher fractional coverage at a higher capil-
lary number. Thus, a higher fractional coverage of the
shear thinning $uid compared to the corresponding New-
tonian $uid was obtained by increasing the concentration
of CMC (a small change in concentration results in a
large change in viscosity) at a higher capillary number.

As mentioned previously, the reduced fraction of liq-
uid deposited on the walls of a tube or channel results in
a larger amount of liquid being displaced, adding to the
$ow resistance, and thus impeding the gas penetration.
Also the horizontal gradient of the axial normal stress
creates forces that tend to lower the 5lm thickness by re-
sisting the stretching action of the walls of the tube or
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Fig. 13. The liquid fraction deposited on the wall as a function of
capillary number for 0.06% PAA + 85% corn syrup (D=4:763 mm).

channel. Therefore, the weakening of the horizontal nor-
mal stress reduces the resistance to axial extension, and
raises the 5lm thickness. On the other hand, the weaken-
ing of the viscous shear stress, especially near the wall
of the tube or channel, due to shear thinning decreases
the eNciency of momentum transfer from the wall to the
viscoelastic $uid, resulting in a lower amount of residual
$uid being deposited on the wall.

In order to examine the e<ect of viscoelasticity
alone on the liquid fraction deposited on the wall as
a function of capillary number, three di<erent concen-
trations of PAA solutions were prepared and added
to pure corn syrup at three di<erent levels. The de-
tailed results of the experiments are given in the pre-
vious section. These mixtures (corn syrup + PAA +
water) do not exhibit shear stress thinning (Boger $u-
ids). Huzyak and Koelling (1994) reported that the
fractional coverage of a Boger $uid (0:31 wt% high
molecular weight polyisobutylene (Mw = 1:2 × 106)
+ 4:97 wt% hydrocarbon solvent; tetradecane + 94:72
wt% low molecular weight polybutene (Mw = 103))
deposited on the tube wall asymptotically increased and
reached a value of 0.75 with increasing capillary number.
As can be seen in Fig. 13, for 0:06 wt% + 85 wt% corn
syrup, the liquid fraction deposited on the tube wall is
approximately 0.70. This value of residual liquid fraction
qualitatively agrees with the asymptotic value of Huzyak
and Koelling (1994). It cannot be compared quantita-
tively since the test $uids used in each experiment are
di<erent from one another.

From a comparison of the fractional coverage of the
polymer (PAA) added to corn syrup solutions (Boger $u-
ids) with that of pure corn syrup solutions (Newtonian
$uid) as a function of capillary number, the Boger $u-
ids yield a thicker residual liquid fraction as compared
to the corresponding pure corn syrup solutions at a large
capillary number. This result is expected since polymers
added to corn syrup solutions at low concentrations ex-
hibit elastic behavior but do not exhibit shear thinning.
Some of the liquid retracts due to $uid elasticity and

in$uences fractional coverage when a long gas bubble
displaces an elastic $uid (Boger $uid). Therefore, elas-
tic $uids (in the absence of shear thinning) result in a
higher liquid fraction deposited on the wall as a function
of the capillary number as compared with corresponding
Newtonian $uids.

7.4. Conclusions

The experiments indicate that the fraction of non-
Newtonian liquid deposited on the tube wall depends
very much upon the $uid rheology. Thus, it is diNcult
to make general quantitative statements which are valid
for all non-Newtonian $uids. For instance, although the
residual fraction of 1% and 1.5% CMC solutions at a
lower capillary number is thinner than that of Newtonian
$uid, at a higher capillary number the fractional coverage
of these solutions increase and approach 0.62 and 0.69,
respectively. On the other hand, the residual fraction of
1% and 2% HEC solutions increase and approach 0.48
and 0.545, respectively.

Polymer (PAA) added to corn syrup solutions (Boger
$uids) results in a thicker residual liquid fraction de-
posited on the wall as a function of capillary number
compared to that of a corresponding Newtonian $uid. For
0:06 wt% + 85 wt% corn syrup the residual liquid frac-
tion as a function of capillary number asymptotically in-
creases and approaches a value of 0.70.

It was observed that the fractional coverage of a liquid
on the wall of a tube open to the atmosphere is larger
than that of a corresponding valve-mounted closed tube.
Increasing pressure results in shorter blowout times and
increased liquid 5lm thickness.

The simple model developed for the case of a
power-law $uid successfully captures the gas–liquid
dynamics for both Newtonian and non-Newtonian $uid
displacement in a tube or channel. The prediction of the
liquid fraction deposited on the wall qualitatively agrees
with the experimental observations.

For non-Newtonian inelastic $uids, shear stress thin-
ning behavior results in reduced liquid 5lm thickness.
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