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Abstract

Correct prediction of spontaneous bubble formation in freely bubbling gas–solid fluidized beds using Eulerian models, strongly depends
on the description of the internal momentum transfer in the particulate phase. In this part, the comparison of the simple classical model,
describing the solid phase pressure only as a function of a solid porosity by an empirical correlation and assuming the solid phase
viscosity constant, which is referred to as the constant viscosity model (CVM), with the more fundamental model based on the kinetic
theory of granular flow (KTGF), in which the solid phase properties are described in much more detail in terms of instantaneous binary
particle–particle interactions, has been extended for freely bubbling fluidized beds. The performance of the KTGF and the CVM in
predicting the hydrodynamics of freely bubbling fluidized beds has been compared with experimental data and correlations taken from
the literature.
In freely bubbling fluidized beds at relatively low gas velocities, bubble formation is initiated by inelastic particle–particle interactions.

When accounting for the dissipation of granular energy by particle collisions, the KTGF predicts much larger bubbles with a much
sharper interface in comparison to the CVM. The average bubble size distribution predicted by the KTGF showed better agreement with
correlations as well as experimental data from the literature. Although both models showed an increase in the predicted average bubble size
with increasing superficial gas velocities, the discrepancy in the predicted bubble size becomes smaller, indicating the growing importance
of the gas particle interactions in the bubble formation process at higher gas velocities. The rise velocity predicted by the KTGF and the
CVM is approximately the same and in good agreement with correlations available in the literature. Since the KTGF predicts somewhat
larger bubbles, also the predicted visible bubble flow is higher in comparison to the CVM.
In very dense regions in the fluidized bed the KTGF based on instantaneous binary collisions needs to be extended for additional

frictional stresses in addition to the kinetic and collisional transport mechanisms. The extra frictional stresses were implemented via a
relatively simple semi-empirical closure model and proved to have a significant influence on the predicted bubble size, rise velocity and
visible bubble flow rate, where the model predictions strongly depend on the empirical constants. To further enhance the performance of
the KTGF to describe the hydrodynamics of freely bubbling beds a more fundamental description of the frictional stresses on the particle
level should be incorporated.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In freely bubbling fluidized beds consisting of Geldart B
or D type particles (Geldart, 1973) with a superficial gas
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velocity exceeding the minimum fluidization velocity, spon-
taneous bubble formation starts at the distributor plate with
tiny bubbles. When the bubbles rise through the fluidized
bed, they grow due to entrained gas and coalescence with
other bubbles. Many heat and mass transfer properties of
the fluidized bed can be related directly to the presence
of bubbles, and are dominated by their behavior. There-
fore, a fundamental understanding of the hydrodynamics
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including an accurate prediction of the bubble characteris-
tics, such as the bubble size distribution is of great practical
importance. For the description and ultimately the design of
a fluidized bed reactor computational fluid dynamics (CFD)
has become an emerging tool for better understanding and
prediction of the complex flow structures. In the Eulerian
approach to model gas–solid fluidized beds, closures are re-
quired for the internal momentum transfer in the particu-
late phase (solid phase viscosity and solid phase pressure
gradient). Previously, the solid phase pressure was defined
only as a function of the local solid porosity via empirical
correlations and the solid phase viscosity was assumed con-
stant. This model is referred as the constant viscosity model
(CVM) (Gidaspow and Ettehadieh, 1983; Kuipers, 1990). In
recent years, expressions for solid phase stress tensors have
been developed by applying the dense gas kinetic theory to
particle assemblies (Ding and Gidaspow, 1990). As a result
of shearing of the particulate phase in a fluidized bed, parti-
cles collide with each other generating a random component
in the particle motion. This particle velocity fluctuation gen-
erates an effective pressure in the particulate phase, together
with an effective viscosity that resists the sharing of the par-
ticle assembly. Although this recent model, based on the ki-
netic theory of granular flow (KTGF), gives a more funda-
mental insight of the particle–particle interactions, a critical
comparison of the performance of both models against avail-
able experimental data has not been carried out yet. In re-
cent studies (for exampleBoemer et al., 1998; vanWachem,
2000) a frictional contribution to the momentum transfer in
the solid phase, which is dominant in dense regions of the
fluidized bed, has been accounted for using empirical cor-
relations based on soil mechanics. However, the influence
of these additional stresses on the bubble dynamics is not
clear. In Part I the CVM and KTGF model were described
and the performance of these models were compared in their
prediction of the size of the start-up bubble and the time-
averaged axial porosity profiles in a fluidized bed operated
with a jet. This comparison will be extended in this part to
freely bubbling fluidized beds.
Almost all the contributions in the literature on the simu-

lation of gas–solid fluidized beds is limited to a qualitative
comparison due to the high required computational costs of
the simulations as well as lack of reliable experimental data
to validate the calculations. Recently,van Wachem (2000)
extracted quantitative information like bubble size distribu-
tion and bubble rise velocity from simulation results to val-
idate his model. Following his approach, in this work the
bubble size distribution, bubble rise velocity and visible bub-
ble flow rate in a freely bubbling fluidized bed for Geldart
B as well as D type particles predicted by the KTGF and
the CVM were compared with generally accepted correla-
tions as well as experimental data taken from the literature.
Firstly, the CVM and KTGF models are analyzed for differ-
ent constitutive equations available in the literature followed
by a description of the classical approach for the estimation
of the bubble size distribution in the bed and rise velocity as

a function of the bubble diameter. Subsequently, the calcu-
lated averaged bubble size as a function of the height above
the gas distributor and the bubble rise velocity as a function
of the bubble diameter for 500 and 692�m particle sizes
are compared with available correlations from the literature
and experimental data. Finally, the influence of the frictional
stresses in the prediction of the bubble size and bubble rise
velocity is studied.

2. Numerical simulations

The two-fluid model equations were implemented in the
commercial CFD code CFX4.4 from AEA Technology,
Harwell, UK. For the evaluation of the convective terms
the third-order total variation diminishing (TVD) scheme
min-mod was used. Simulations with the CVM and KTGF
were carried out for a two-dimensional fluidized bed of size
0.57m× 1.0m with a particle size of 500�m (Geldart B)
and 692�m (Geldart D). The experimental data of bubble
size distribution, rise velocity and volumetric bubble flow
reported by theBoemer et al. (1998)for the particle size of
692�m were used for the comparison of the model predic-
tions. The physical properties of the gas and the solid phase
and the operating conditions have been listed inTable 1.
In the experiments, to distribute gas with uniform velocity
through the distributor porous plates are used (Hilligardt
and Werther, 1986; Boemer et al., 1998). In reality gas ve-
locity at the distributor plate cannot remain uniform along
the cross-section due to non-uniform pressure drop across
the porous plate. However, in the simulations uniform gas
velocity inlet is assumed at the distributor plate. The sim-
ulations were carried out with a superficial gas velocity of
1.5, 2 and 2.5 times minimum fluidization velocity (umf )
for a bed filled with Geldart B type particles and with 2umf

for a bed filled with Geldart D type particles. A uniform
grid of 0.01 m in the vertical direction and 0.0075 m in the
horizontal direction was used. Preliminary calculations with
a more refined grid (0.005m×0.005m) showed that the
time-averaged results were within 5% variation. Appendix
A shows a comparison of the average bubble size calculated
from the simulations with different grid size. Time steps of
3× 10−4 and 1× 10−4 s were used for CVM and KTGF
model calculations, respectively.

3. Literature correlations

In freely bubbling fluidized bed small bubbles form at
the bottom of the fluidized bed, which rise, coalesce, and
erupt as large bubbles at the fluidized bed surface.Werther
and Molerus (1973)developed a small capacitance probe
and used a statistical theory to measure the bubble diame-
ter and the bubble rise velocity in fluidized beds. The ca-
pacitance probe was placed in the fluidized bed at different
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Table 1
Physical properties of the gas and solids and operating conditions

Geldart B Geldart D

Particle diameter(�m) 500 692 (Boemer et al., 1998)
Particle density (kg/m3) 2660 2545
Gas density (kg/m3) 1.2 1.2
Gas viscosity (Pa s) 1.85× 10−5 1.85× 10−5

Restitution coefficient dimensionless 1.0, 0.95 0.95
umf (m/s) 0.222 0.338
Freeboard pressure (N/m2) 1.013× 105 1.013× 105

Table 2
Different correlations presented in the literature for the estimation of the bubble size distribution

Author Correlation Particle type Bed Geometry D0

Darton et al. (1977) Db = 0.54(u − umf )0.4(h + 4
√
A0)

0.8g−0.2

4
√
A0 = 0.03m (Porous plate) B 3D —

Hilligardt and Werther (1986) Db = D0(1+ 27(u − umf ))1/3(1+ 6.4h)1.2 A, B and D 3D (Solid A) 0.0061
(Solid B) 0.0085
(Solid D) 0.0123

D 2D (Solid D) 0.01955

Lim et al. (1993) Db =
[
8(u−umf )(23/4−1)

�cg1/2
h + D

3/2
0

]2/3
B and D 2D D0 =

[ 8(u−umf )A0
��g1/2

]2/3
A0 = 5.6× 10−5m2

(Porous plate)

heights and at different radial positions in the bed. The bub-
ble rise velocity was determined using two vertically spaced
probes. The capacitance probe measured the bubbles pass-
ing it, i.e. the bubbles that were pierced by the capacitance
probe. The duration of this piercing depends on the size of
the bubble, the bubble rise velocity, and the position of the
bubble relative to the probe. From the measured distribution
of the pierced length, the size distribution of the bubble was
determined using a geometrical probability theory. Differ-
ent correlations for the average bubble diameter proposed in
the literature have been presented inTable 2, whereDb is
the bubble diameter,h is the height of the bubble above the
inlet of the fluidized bed,u is the actual superficial gas inlet
velocity, andA0 is the ‘catchment area’, which character-
izes the distributor. The basis of the model byDarton et al.
(1977)is that bubbles tend to rise in preferred paths and that
the distance traveled by two neighboring bubbles before co-
alescing is proportional to their lateral separation.Darton et
al. (1977)validated their model with measurements carried
out byWerther (1974)and many other researchers.
To model growth of circular bubbles in a two-dimensional

fluidized bed,Lim et al. (1993)adopted an approach paral-
lel to that developed byDarton et al. (1977)for spherical
bubbles in three-dimensional beds. The proportionality con-
stantc, used in the correlation byLim et al. (1993)describes
the distance the bubble travels in a stream before coalesc-
ing with an adjacent stream to form a single stream of large
bubbles, and was found to be∼ 2.

The bubble rise velocity can be expressed by a generalized
form of the Davidson and Harrison (1963)bubble model
(Hilligardt and Werther, 1986):

ub = �(U − Umf ) + ��
√
gDb, (1)

The values of the empirical coefficients�, � andn, added
by Hilligardt and Werther (1986), are empirical coefficients
based on their data, which depend on the type of particles
and the width and height of the fluidized bed and have been
listed inTable 3. The parameter� can be interpreted as the
deviation of the visible bubble flow rate,V̇b, from the two-
phase theory. However, it should be noted that the correla-
tions given byHilligardt and Werther (1986)for Group D
type particles are based on the experiments performed with
480�m particles, which are categorized as B type particles
according to Geldart classification and type D from the clas-
sification done byMolerus (1982).

4. Results

4.1. Mechanism of spontaneous bubble formation

When the superficial gas velocity exceeds the minimum
fluidization velocity, spontaneous bubble formation starts at
the distributor plate, where tiny bubbles are formed. When
the bubbles rise through the fluidized bed, they grow due
to entrained gas and coalescence with other bubbles. Due
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Table 3
Values for the empirical constants in the generalized equation for the bubble rise velocity (Eq. (1)), as proposed by different researchers

Bed Particle sizes � � �
Geometry (�m)

Davidson and Harrison (1963) 3D — 1.0 0.71 1.0
Ocone et al. (1993). 2D 100–760 — 0.48 1.0
Hilligardt and Werther (1986) 3D 480 0.26 forh/Dt <0.55 0.71 0.87

0.35(h/Dt )
1/2 for h/Dt <0.55 0.05�Dt �1.0m

Lim et al. (1993) 2D 240–725 1 0.40 1.0

Fig. 1. Snapshots of the porosity profile predicted after 0.9 s for a freely
bubbling fluidized bed filled with 500�m particles and a superficial gas
velocity of 2umf , for: (a) KTGF assuming fully elastic collisions(e=1),
(b) KTGF assuming slightly inelastic collisions(e = 0.95), (c) CVM.

to the increasing bubble diameter the bubbles rise faster,
thus increasing the level of the bed (Boemer et al., 1998).
Fig. 1 shows snapshots of the porosity distribution calcu-
lated by the CVM and the KTGF with a particle–particle
restitution coefficient of 1.0 and 0.98 for a two-dimensional
bed filled with 500�m particles with a superficial gas ve-
locity of 2umf . The porosity plot calculated by the KTGF
assuming fully elastic particles shows a uniform bed ex-
pansion without any bubbles and the CVM predicts very
small and diffuse bubbles (whose shape deviates from the
typical experimentally observed spherical-cap shape). How-
ever, the KTGF, assuming slightly inelastic collisions, pre-
dicts much larger spherical cap shaped bubbles with a much
sharper bubble interface, especially near the top of the bed.
The prediction by the KTGF is consistent with the result
of Euler–Lagrange simulation reported byHoomans et al.
(1996)and corresponds better with the experimental obser-
vations.
In the simulations of a freely bubbling bed, an initial pres-

sure and corresponding voidage wave is propagated through
the bed due to the start-up conditions. In the KTGF model
accounting for inelastic collisions, granular energy is dissi-
pated and the granular temperature is in the order of magni-
tude of 10−5m2/s2, which is much lower than the level of
the granular temperature in the KTGF assuming fully elastic
particle–particle collisions (10−3m2/s2). Due to the dissi-
pation of the fluctuating energy, the particles remain much
closer together, resulting in a local compaction of the solid
phase, which increases the drag experienced by the gas phase
resulting in the formation of a bubble. In the KTGF assum-

ing fully elastic collisions, the compaction of the particles is
insufficient due to the relatively high granular energy, which
results in a uniform bed expansion without any bubbles. Ad-
ditional calculations with the CVM showed that decreasing
the solid phase viscosity indeed increases the bubble size
but still very diffuse bubbles are predicted. The CVM can
be considered as a simplified KTGF model, where a uni-
form and constant granular energy in the entire fluidized
bed is assumed and the local variation and therefore the in-
fluence of convection, diffusion, generation and dissipation
of granular energy on the momentum transport properties
of the particulate phase is entirely ignored. From the tiny
bubbles observed in the calculation by the CVM, it can be
concluded that the implicitly assumed granular energy level
(via the assumed solid phase viscosity and elasticity modu-
lus) was lower than in the calculation with the KTGF model
with fully elastic collisions, but still higher than in KTGF
calculation withe= 0.95. Since for all viscosities the CVM
model predicts diffuse bubbles, not only the level of gran-
ular energy in the bed is important, but also the local dis-
tribution of the granular temperature. Due to the non-linear
drag dependency on the solid volume fraction the tiny bub-
bles act as seeds for bubble formation in the CVM, which
grow in time. Although bubble formation was predicted by
the CVM, the average bubble size predicted by the CVM
was much smaller than the KTGF model assuming inelastic
collisions.

4.2. Quantitative comparison of the model results

In order to compare the predicted bubble sizes predicted
by the KTGF and CVM quantitatively with experimental
data, the equivalent bubble diameter of every individual bub-
ble was calculated. Although there is no general agreement
on the definition of a bubble diameter, for the current analy-
sis of the simulation results, the equivalent bubble diameter
was defined as the diameter of a circle with the same area as
the numerically computed area for whichεf >0.85. Many
correlations have been published in the literature (seeTable
2) to describe the average bubble size as a function of the bed
height. A comparison of the model results with these em-
pirical correlations for the average bubble size requires the
calculation of the mean bubble diameter. The determination
of the mean bubble diameter requires careful consideration,
since it is not always exactly clear what authors have actu-
ally measured in reality. Have they taken all the bubbles into
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Fig. 2. Approach for the calculation of the average bubble diameter at
different heights above the distributor in the fluidized bed.

account, or only the larger bubbles? Have they included ef-
fects such as coalescence, break-up, and wall effects? When
comparing model results to measurements, it is important to
retrieve similar data from the model and the measurements.
The fluidized bed was divided into different sections of

uniform height (0.1m) as indicated inFig. 2. A location of
the bubble was determined by calculating the center of mass
of the bubble and assuming it as a point property. The di-
ameters and centers of all bubbles in the bed for all sections
of the fluidized bed were recorded at regular time interval
(0.001 s). All simulations were carried out for 9 s of real
time. To avoid the start-up effect, the average bubble diam-
eter was calculated by averaging over the period of 1–9 s.
Additional calculations showed that increasing the averag-
ing time did not change the time-averaged results (see Ap-
pendix B).Fig. 3 shows the histogram of the percentage of
the total number of bubbles (number distribution) and area
distribution over the different bubble size groups for a lower
section (from 0.1 to 0.2m above the distributor) and a higher
section (from 0.4 to 0.5m above the distributor) of the flu-
idized bed predicted by the KTGF model for a superficial
gas velocity of 2umf . Fig. 3 shows that the relatively small
bubbles at the lower section grow into much larger bubbles
with a very broad distribution at somewhat higher positions
in the bed. Although the smaller bubbles are still larger in
numbers at the upper section, the larger bubbles contribute
relatively more to the total bubble hold-up. Detailed inspec-
tion of the calculation results revealed that the smaller bub-
bles at the higher section of the fluidized bed were created
during bubble–bubble interactions (coalescence and break-
up). It should be noted that since the size and position of all
the bubbles in all sections of the fluidized bed were recorded
at regular time intervals, there is a possibility that smaller
bubbles were counted more frequently than the larger bub-
bles due to the lower rise velocity of the smaller bubbles. In
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Fig. 3. Local distribution of the number of bubbles and area contributed
by bubbles for different bubble size groups in (a) a lower section (from
0.1 to 0.2m above the distributor) and (b) a higher section (from 0.4 to
0.5m above the distributor) of the fluidized bed (dp =500�m, u=2umf ),
calculated with the KTGF model. The line represents the trend of the
variation.

the experimental determination of the average bubble size,
a probe measurement is carried out in which every bubble is
counted only once. However, mimicking this experimental
procedure in the simulations would require extremely large
computational times due to the very large real time to be
simulated.

4.2.1. Average bubble diameter
Due to the difference in the number distribution and con-

tributed area distribution, the definition of the average bub-
ble diameter in each section of fluidized bed is not straight-
forward. If N is the number of bubbles in one section and
if Di is the diameter of bubblei estimated from its areaAi ,
then a simple number averaging gives,

Db =
∑

Di

N
. (2)

However, for the transport processes relevant average bub-
ble volume cannot be obtained from the cube of the mean
volume of the number density distribution (Werther, 1974).
In the development of the bubble growth model,Darton
et al. (1977)assumed that coalescence of bubbles in a
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Fig. 4. Comparison of the average bubble diameter predicted by different
averaging methods as a function of bed height (dp = 500�m, u= 2umf )
predicted by the KTGF model.

fluidized bed leads to growth of the bubble size with in-
creasing distances above the distributor. In other words, all
the bubbles in the lower section of the fluidized bed coa-
lesce when rising to the upper section and grow. As a result,
the total bubble volume remains the same. In this case, the
average bubble size represents the average bubble volume
and can be estimated as the diameter of a sphere having
the same volume as the average volume of the bubble. In a
two-dimensional fluidized bed the average bubble size rep-
resents the average area of the bubble and can be estimated
as the diameter of a circle having the same area as the
average bubble area. This can be termed as area averaging:

Ab =
∑

Ai

N
and Db =

√
4Ab

�
. (3)

Although the frequency of small bubbles and large bub-
bles is in the same order of magnitude, the larger bubbles
will dominate the transport properties inside a fluidized bed.
Therefore, in order to take into account the center of gravity
of the distribution, the area weighted mean bubble diameter
was calculated given by

Db =
∑

AiDi∑
Ai

. (4)

The bubble size as a function of height in the fluidized
bed calculated by the KTGF using different averaging tech-
niques is presented inFig. 4. The graph shows that the pre-
dicted bubble size increases with increasing distances from
the distributor. The average bubble size calculated by the
area weighted averaging method was much larger than by
the area averaging method or the number averaging method.
A comparison of the number-averaged bubble size calcu-

lated by the KTGF and CVM and literature correlations is
given byFig. 5, showing that the average bubble size pre-
dicted in the KTGF is somewhat larger than predicted by the
CVM. The difference in the prediction of the average bubble
size by the KTGF and the CVM increases as the distance
above the distributor increases. Additionally, The average
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bubble size predicted by the KTGF and the CVM, especially
in the higher section of the fluidized bed, was lower than that
estimated by any of these correlations. However, the bubbles
size predicted by the models showed a very large distribu-
tion, which is indicated in the figure with the error bars. The
error bars in the figure indicate the deviation of this bubble
diameter, computed from the root mean square (RMS) of the
deviation of bubble diameter from average bubble diameter:

RMS〈Db〉 =
√∑

(Db − Di)
2

N
. (5)

Fig. 6 illustrates a comparison of the average bubble size
predicted by the KTGF and the CVM with experimental
data reported byBoemer et al. (1998). Although the exper-
imental data is based on digital image analysis, the bubble
diameter was not averaged. The graph shows that the aver-
age bubble size predicted by the KTGF was in reasonably
close agreement with the experimental measurements. The
average bubble size predicted by both models was also com-
pared with different well-known correlations published in
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Fig. 7. (a and b) Number-averaged bubble size predicted by (a) CVM
and (b) KTGF model for different superficial gas velocities (1.5, 2.0 and
2.5 timesumf ) for the fluidized bed filled with 500�m particles.

the literature. The bubble size estimated with a correlation
byDarton et al. (1977)for 3D fluidized bed is slightly larger
than calculated by the correlation presented byHilligardt
and Werther (1986). The bubble size determined by the cor-
relation given byLim et al. (1993)for 2D fluidized bed is
somewhat lower than estimated by the correlation byDarton
et al. (1977)but somewhat higher than that predicted by
Hilligardt. This suggests that the bubble size varies signif-
icantly depending upon particle size and bed geometry. As
noted before, the correlations were based on probe measure-
ments in which every bubble was counted only once irre-
spective of its size. In contrast, in our simulations due to
lower rise velocity smaller bubbles were counted more fre-
quently, which lowered the average bubble diameter.

4.2.2. Influence of the gas velocity
The influence of the superficial gas velocity on the

number-averaged bubble diameter predicted by the CVM
and the KTGF as a function of height above the distrib-
utor is plotted inFig. 7. The average size of the bubbles
increases with an increase in the superficial gas velocity.
The values for the number-averaged bubble size predicted
by the KTGF are somewhat higher than those predicted by

the CVM for all the gas velocities, however the difference
between the predicted average bubble diameters decreases
at higher gas velocities. This can be explained by a shift
in the dominant mechanism of the bubble formation from
inelastic particle–particle collisions at low gas velocities
to the non-linear drag experienced by particulate phase at
higher gas velocities. The influence of the height and gas
velocity was also studied by fitting the exponent A and B
in the generalized Darton’s equation:

Db = constant(u − umf )
A(h + 4

√
A0)

Bg−0.2. (6)

The exponentA was estimated from the slope of the graph
plotting log10(h+4

√
A0) vs. log10(Db) for different superfi-

cial velocities and exponentBwas estimated from the slope
of the graph showing log10(u − umf )vs. log10(Db)for dif-
ferent heights. The results have been summarized inTable
4. The average value ofA andB predicted by both models
is in close agreement with the exponent proposed byDarton
et al. (1977), 0.4 and 0.8, respectively. The values found for
exponentA predicted by both models showed that at lower
heights the bubble size is a stronger function of the super-
ficial gas velocity and this dependency decreases slightly
with increasing heights. Similarly, the value found for ex-
ponentB showed that the influence of the height above the
distributor is higher for lower gas velocities and decreases
for higher velocities.

4.3. Bubble rise velocity and visible bubble flow rate

The model results were analyzed to establish a relation-
ship between the bubble diameter and rise velocity. The ve-
locity of a rising bubble was calculated by tracking the mo-
tion of the individual bubble centers. However, the bubble
rise velocity varied strongly due to coalescence, break-up,
and bubbles interacting directly with the wall. Especially
smaller bubbles showed deviating behavior due to the in-
fluence of the neighboring bubbles: a wake of a bubble has
a larger effect on a trailing small bubble than on a trailing
large bubble. Thus, all the data was categorized into differ-
ent bubble size groups and the rise velocity of all the bubbles
in an individual size group was averaged to obtain the aver-
aged rise velocity. The average rise velocity as a function of
the bubble diameter predicted by the KTGF and the CVM
for a particle diameter of 500�m and a superficial gas ve-
locity of 2umf is compared with different correlations from
the literature inFig. 8.
The correlation given byPyle and Harrison (1967)for a

two-dimensional system is best suited to describe an iso-
lated bubble in which the influence of the bed geometry was
not accounted for. It predicts a very low rise velocity. On
the other hand, the correlation proposed byHilligardt and
Werther (1986)for three-dimensional systems accounts for
the influence of the bed diameter and predicts the highest
rise velocity for the considered particle size. The correla-
tion given byLim et al. (1993), valid for two-dimensional
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Table 4
Exponent A and B in equation (6) predicted by the CVM and the KTGF

Exponent A Exponent B

Height CVM KTGF Velocity CVM KTGF

0.15m 0.44 0.49 1.5umf 0.8 0.76
0.25m 0.41 0.47 2.0umf 0.56 0.65
0.35m 0.39 0.41 2.5umf 0.63 0.53
0.45m 0.36 0.36 — — —

Average 0.4 0.43 Average 0.66 0.65
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Fig. 8. Comparison of the average rise velocity as a function of the bubble
diameter predicted by the KTGF and CVM with different correlations in
the literature (dp = 500�m, u = 2umf ).

systems, has been established for different ranges of parti-
cle sizes. The rise velocity predicted by the KTGF and the
CVM was in the same order of magnitude for all these cor-
relations and agrees particularly well with the correlation
given by Lim et al. (1993). The KTGF model predicts a
slightly higher rise velocity than the CVM for lower bub-
ble sizes. However, for larger bubble sizes both the models
predict the same bubble rise velocity. Although the KTGF
model calculates the local shear viscosity in the bed, the
average viscosity in the bed is in the same order of magni-
tude as the viscosity assumed in the CVM (1.0Pa s), which
results in approximately same resistance for the bubbles to
rise through the bed. Therefore, the rise velocity of the bub-
ble as a function of the bubble size is predicted the same by
both models.
The classical two-phase model byToomey and Johnstone

(1952)assumes that the gas velocity in the emulsion phase
equals the minimum fluidization and that all additional gas
flows through the bed as visible bubbles. According to this
model, the dimensionless visible bubble flow rate is ex-
pressed as

� = V̇b

u − umf

. (7)
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Fig. 9. Comparison of the visible bubble flow rate as a function of the
relative height above the distributor predicted by KTGF and CVM and
compared with the correlation proposed byHilligardt and Werther (1986)
(dp = 500�m, u = 2umf ).

However, the experimentally observed value of� is always
less than unity. The local visible bubble flow rate depends
on the local bubble hold-up�b, and the local bubble rise
velocity ub. The average bubble holdupεb, was estimated
by calculating the average bubble area in the individual bed
section, divided by the area of the bed section. Thus, the
dimensionless visible bubble flow can be expressed as

� =
∑

(Ab · ub)

Abed(u − umf )
. (8)

Fig. 9shows a comparison of the dimensionless visible bub-
ble flow rate predicted by the KTGF and the CVM for a
particle diameter of 500�m and a superficial gas velocity of
2umf . The dimensionless visible bubble flow rate predicted
by both models increases when the distance from the dis-
tributor increases. The fraction of visible bubble flow rate
predicted by the KTGF agrees reasonably with the estima-
tion given byHilligardt andWerther (1986)(seeTable 3). As
shown before, by accounting for the dissipation of granular
energy, larger bubbles were predicted by the KTGF model
than the CVM, therefore the KTGF model predicts that less
gas is percolating through the dense phase and more of the
gas flow appears in the form of bubbles.Fig. 10shows the
measured visible bubble flow rate byBoemer et al. (1998)
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Fig. 10. Comparison of the visible bubble flow rate as a function of height
above the distributor predicted by the KTGF and the CVM with experi-
mental data obtained byBoemer et al. (1998)(dp = 692�m, u= 2umf ).

for a two-dimensional fluidized bed filled with 692�m par-
ticles. Unlike the estimated values from the correlation by
Hilligardt and Werther (1986), the experimental data shows
a continuous increase in the visible bubble flow rate with
increasing distance above the distributor, as also predicted
by the two-fluid models. Again the predictions by the KTGF
compare well with the experimental findings, while those by
the CVM under-predict the visible bubble flow rate.
Concluding, at relatively low gas velocities the sponta-

neous bubble formation in a freely bubbling fluidized bed
filled with Geldart B or D particles is dominated by the
dissipation of granular energy due to particle–particle inter-
actions, which is better described by the KTGF model. At
higher gas velocities the bubble formation is mainly domi-
nated by the non-linear drag, which explains the decreasing
differences in the predictions by the KTGF and the CVM
at higher gas velocities. The predicted average bubble size
(number averaged) and visible bubble flow rate as a function
of the distance above the distributor by the KTGF model is
higher than that predicted by the CVM and agrees well with
correlations from the literature and experimental measure-
ments.
The KTGFmodel assumes instantaneous binary collisions

and accounts for both kinetic and collisional contributions
for the momentum and granular energy transfer in a par-
ticle ensemble. However, at high solids volume fractions,
individual particles can interact under multiple neighbors
with sustained contact, dominated by normal reaction forces
and associated tangential frictional forces at these sliding
contacts. These effects can be taken into account semi-
empirically by adding frictional stresses in the momentum
balance. The influence of the frictional stresses on the aver-
age bubble diameter, bubble rise velocity and visible bubble
flow rate is studied next.

5. Influence of frictional stresses

Numerous attempts have beenmade in the past to describe
the frictional stresses in a fluidized bed. A short overview of
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Fig. 11. Influence of the frictional stresses added in the KTGF model on
the prediction of bubble size, rise velocity and visible bubble flow rate.

different approaches was presented in Part I.Fig. 11shows
the influence of the frictional stresses on the prediction of
the number-averaged bubble diameter, rise velocity and vis-
ible bubble flow rate. With the addition of frictional nor-
mal stresses, the compaction of solids around the bubble
interface is reduced, which increases the gas flow through
the bubble boundary into the emulsion phase and therefore
smaller bubbles are predicted. The prediction of the KTGF
model varies significantly depending on the empirical con-
stants used for the critical state pressure (seeTable 5). Due
to the higher critical state pressure predicted with the con-
stants proposed byJohnson et al. (1990)even smaller bub-
bles were predicted when compared to model results using
the constants proposed byOcone et al. (1993).
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Table 5
Values for the empirical parameters in the equation for the critical state pressure (Eq. (17) in Part I) (Johnson and Jackson, 1987) as suggested by
different researchers

F (N/m2) r s εs,min � (deg) dp (�m) 	s (kg/m
3) Material Reference

0.05 2 3 0.5 28 150 2500 Unknown Ocone et al. (1993)
0.05 2 5 0.5 28.5 1000 2900 Glass Johnson et al. (1990)

The predicted rise velocity of the bubble as a function
of bubble size is marginally influenced by the frictional
stresses. Due to the additional viscosity caused by the fric-
tional stresses, the rise velocity of the bubble is slightly
reduced. The comparison of the predicted results with the
correlations available in the literature showed that the pre-
dicted rise velocity is well in the range of estimated values
from the correlations and in good agreement with the corre-
lation given for a two-dimensional system (Lim et al., 1993).
The KTGF, which includes the frictional stresses, predicts
a lower visible bubble flow rate. A lower bubble size and
lower bubble velocity results in a lower visible bubble flow
rate. This also entails that a higher gas flow rate is pre-
dicted in the dense phase when using the frictional viscosity.
The predicted values are also significantly influenced by the
empirical constants used for the critical state pressure. The
predicted values using the empirical constants proposed by
Johnson et al. (1990)are again much lower than the val-
ues predicted using the constants proposed byOcone et al.
(1993).
Concluding, the added frictional solid stresses have a sig-

nificant influence on the bubble size, bubble rise velocity
and visible bubble flow rate. The frictional stresses are very
important in dense solid regions and the model predictions
strongly depend on the empirical constants. Furthermore,
the experiments to obtain the empirical constants of the fric-
tional stresses are very difficult. Therefore, lower level mod-
eling such as discrete particle modeling, should give more
insight in the linking between particle–particle interactions
and frictional stresses, in order to develop better closure
equations accounting for frictional stresses based on a more
fundamental footing.

6. Conclusions

In a freely bubbling fluidized bed at relatively low superfi-
cial gas velocities, bubble formation originates from inelas-
tic particle–particle interactions. The KTGF model which
accounts for the local dissipation of granular energy by par-
ticle collisions, predicts much larger bubbles with a much
sharper interface compared to the CVM that predicts small
and very diffuse bubbles. A quantitative comparison of the
average bubble diameter predicted by both models showed
that the bubble diameter predicted by KTGF was larger than
that predicted by the CVM and agrees well with available
correlations and experimental data published in the litera-

ture. However, the method of averaging of the simulated re-
sults requires careful consideration in the calculation of the
mean bubble diameter. With an increase in the superficial
gas velocity both models showed an increase in the bub-
ble size. The rise velocity of the bubbles, especially of the
larger bubbles, predicted by the KTGF and the CVMwas ap-
proximately the same and consistent with correlations from
the literature. The visible bubble flow rate predicted by the
KTGF was much higher than that predicted by the CVM
and matches well with experimental correlations and data.
The frictional solid stresses have a significant influence on

the bubble size, bubble rise velocity and visible bubble flow
rate. Accounting for the frictional stresses results in smaller
bubbles due to increased leakage of gas through the bubble
boundary and a lower bubble rise velocity and therefore the
visible bubble flow rate is also reduced.
Although the KTGF model was in good agreement with

the experimental data and correlations from the literature
compared to the CVM for the prediction of bubble size dis-
tribution, bubble rise velocity and visible bubble flow rate,
the model requires further development to incorporate the
effect of the frictional stresses on a more fundamental ba-
sis. The current semi-empirical frictional stress models are
inadequate since the model predictions strongly depend on
empirical constants, which are difficult to determine exper-
imentally.

Notation

Ab bubble area, m2

A0 catchment area, m2

C fluctuating velocity of the particulate phase,
m/s

Cd drag coefficient
c compaction modulus
Db bubble diameter, m
Dij strain rate, 1/s2

D0 diameter of the bubble at the distributor, m
Dt bed diameter, m
dp particle diameter,�m
e restitution coefficient for particle–particle

collision
ew restitution coefficient for particle–wall colli-

sions
F , r ands empirical constants for the critical state

pressure (Eq. (17) in Part I)
G(εf ) elastic modulus, Pa
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G0 elastic modulus atεf = ε∗
f , Pa

g gravity constant, m/s2

g0 solid radial distribution function
h height above distributor, m
I unit vector
m mass of a particle, kg
N number of bubbles
p pressure, N/m2

pc critical state pressure, N/m2

qs kinetic fluctuation energy flux, kg/ms
Rep particle Reynolds number
umf superficial gas velocity at

minimum fluidization condition, m/s
ub bubble rise velocity, m/s
u superficial gas velocity,m/s
ū mean gas phase velocity, m/s
V̇b visible bubble flow rate, m/s
v̄ mean solid phase velocity, m/s

Greek letters


s specularity coefficient
� interphase drag coefficients, kg/m3s
� dissipation rate, kg/ms3

ε volume fraction
εb bubble hold up
εmaxs solid volume fraction at packed

condition (= 0.64356)
 granular temperature, m2/s2

� conductivity of the granular fluctuating
motion, kg/ms

� bulk viscosity, kg/ms
� shear viscosity, kg/ms
� shear stress tensor, Pa
	 density, kg/m3

	em density of the emulsion phase, kg/m3

� angle of internal friction
�s sphericity
� dimensionless visible bubble flow rate

Subscripts

f gas phase
s solid phase
w wall

Superscript

kc kinetic and collisional contribution
f frictional contribution

Appendix A. Grid dependency

Simulations were carried out with the CVM for a coarse
grid (0.0075m× 0.01m) and fine grid (0.005m× 0.005) to
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Fig. 12. Comparison of the number-averaged bubble diameter calculated
for different grid sizes.

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0 0.1 0.2 0.3 0.4 0.5 0.6

Height (m)

A
ve

ra
g

e 
b

u
b

b
le

 d
ia

m
et

er
 (

m
)

 Averaging time (1-12 sec)

 Averaging time (1-9 sec)

Fig. 13. Influence of the averaging time on the time-averaged results
calculated using the CVM (dp = 500�m, u = 2umf ).

study the grid dependency of the solution. The difference in
the time-averaged average bubble size calculated with these
grids is within 5% (seeFig. 12).

Appendix B. Influence of the averaging time

Fig. 13shows the influence of the averaging time on the
predicted average bubble size calculated with the CVM. The
calculated average bubble diameter is not influenced by the
increasing averaging time compared to the time interval of
1–9 s.
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