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Abstract

The scalar dissipation rate signifies the local mixing rate and thus plays a vital role in the modeling of r
rate in turbulent flames. The local mixing rate is influenced by the turbulence, the chemical, and the m
diffusion processes which are strongly coupled in turbulent premixed flames. Thus, a model for the mea
dissipation rate, and hence the mean reaction rate, should include the contributions of these processe
models for the scalar dissipation rate include only a turbulence time scale. In this study, we derive exact t
equations for the instantaneous and the mean scalar dissipation rates. Using these equations, a simple
model for the mean scalar dissipation rate is obtained. This model includes a chemical as well as a turbule
scale and its prediction compares well with direct numerical simulation results. Reynolds-averaged Navier
calculations of a test flame using the model obtained here show that the contribution of dilatation to local tu
mixing rate is important to predict the propagation phenomenon.
 2005 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction

In turbulent combustion modeling, the closure
reaction rate is challenging as it involves a nonl
ear expression. But this challenging problem can
simplified to a tractable form if one assumes the re
tion zones to be thin compared to a typical fluid d
namic scale (Kolmogorov length scale)[1]. The thin
flame assumption makes it possible to approxim
the probability density function of a reaction progre
variable,c, by a double delta function, representi
the unburnt and burnt mixtures[2]. This approxima-
tion leads to many attractive simplifications of t
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turbulent premixed flame problem. The progress v
able may be defined using any reactive scalars,
commonly temperature is used. Alternative propo
tions for the choice of variables to definec are also
made[3]. Here, we define the progress variable
c ≡ (T − Tu)/(Tb − Tu), whereT is the absolute
temperature, and subscriptsu andb respectively de-
note unburnt and burnt mixtures. The instantaneoc
is governed by

(1)ρ
Dc

Dt
= ω̇ +D,

whereρ is the fluid density and D/Dt is the total
derivative (∂/∂t + uj ∂/∂xj ) representing the tem
poral and convective changes ofc inside a control
volume. Symbolst , xj , anduj respectively denote
time, spatial coordinate in directionj , and the com-
e. Published by Elsevier Inc. All rights reserved.
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ponent of fluid velocity in that direction. The first ter
on the right-hand side,̇ω, is the chemical source term
and the second term represents the diffusive flux oc,
D ≡ ∂[ρα∂c/∂xj ]/∂xj with α as the diffusivity ofc.
Here and in the following discussion, repeated indi
imply summation over them. In an engineering c
culation, a balance equation forc̃ is solved[1]. The
mass-weighted average, also known as the Favre a
age, ofc is denoted bỹc and the fluctuation over thi
average isc′′. The contributions of chemical reactio

ω̇, and the turbulent flux,̃u′′c′′, to thec̃ balance equa
tion need to be modeled.

With the thin flame assumption, the average re
tion rate,ω̇, may be modeled[1] as the product o
mean reaction rate per unit flame surface area
the flame surface density,Σ . Thus,ω̇ = (ρuso

L
Io)Σ ,

whereρu is unburnt mixture density,so
L

is unstretched
laminar burning velocity, andIo represents the effec
of flame stretch on the laminar burning velocity. Th
effect is captured via a correlation involving Karlovi
and Markstein numbers[4]. It is apparent from the
above expression that the amplification of react
rate by turbulence is predominantly represented byΣ .
Various forms of theω̇ model proposed in earlie
studies are discussed by Veynante and Vervisch[6].

Various approaches have been followed to m
del Σ . The Bray–Moss–Libby (BML)[5] approach
yields an algebraic expression forΣ . In an another
approach, a balance equation forΣ is solved [7].
The balance equation forΣ is postulated by Mar-
ble and Broadwell[8] and rigorously derived from
fundamental principles by Pope[9] and Candel
and Poinsot[10]. The flame surface density,Σ ,
can also be related to scalar dissipation rate of
progress variable,N ≡ α(∇c · ∇c) = α(c,k c,k ). It
has been shown[11] that ε̃c = KΣsLΣ , whereε̃c =

˜α(∇c′′ · ∇c′′) andKΣ is a constant. The quantitỹεc

is the dissipation rate of progress variable variance
the thin flame regime[11] c̃,k � c′′,k .

Pope [21] deduced the surface density fun
tion of an iso-surfacec = ζ to be Σp(ζ ;x, t) =
〈√N/α|c = ζ 〉 Pc(ζ ) without invoking the assump
tion of thin flame. There should not, however,
any local extinction on the surfacec = ζ as this
would invalidate the continuity ofc on the partic-
ular surface. The quantity within the angle brac
denotes conditional average andPc is the marginal
pdf of c. The conditional average,Nζ , is defined as
the ensemble average of those samples satisfying
conditionc = ζ . The flame surface densityΣ can be
obtained from the surface density functionΣp either
by choosing a particular value ofζ or by averaging[6]
Σ = ∫

Σp dζ . Under the assumption of thin flamele
one getsΣ 	 Σ .

In the above discussion, one sees that the sc
dissipation rate is related to the flame surface den
and to the reaction rate. Borghi and his co-work
[11–14] have studied a balance equation forε̃c. In
these works, the effect of heat release has been
nored by treating fluid density as constant. In t
work, we follow a simple method to derive the sca
dissipation rate equation including the heat-release
fects and obtain a simple model for̃εc. It can also be
noted that thẽεc transport equation can be related
theΣ equation in the thin flamelet regime. One nee
an evolution equation forNζ ≡ 〈N |ζ 〉 to obtain the
Σ equation viaΣp . The flame surface density equ
tion obtained viaΣp may be applicable to not onl
the thin flame but also to thickened flames. Here,
confine ourselves to the thin flamelet regime and c
centrate on obtaining a simple model forε̃c.

In the next section, we drive an exact transp
equation for the instantaneous scalar dissipation
N , and then obtain Borghi’s equation by invokin
the approximations used in[11–14]. In Section2.3,
a simple model forε̃c involving the chemical and
turbulence time scales is obtained. Direct numer
simulation (DNS) data sets[15,16] are analyzed in
Section3 to validate the model developed here. R
sults from a Reynolds-averaged Navier–Stokes si
lation (RANS) of a simple test problem are discuss
in Section4 where they are used to compare the p
dictions of the models obtained here and by Man
and Borghi[12]. The final section provides a sum
mary and conclusion of this study.

2. Scalar dissipation rate

The scalar dissipation rate,N , characterizing tur-
bulent mixing is an important quantity in turbule
reacting flows. It is directly related to the heat-rele
rate in premixed[17,18] as well as in nonpremixe
[19,20] flames. It is also involved in flamelet[20],
probability density function[21], and conditional mo-
ment closure[22] models of turbulent combustion
A wealth of information on the scalar dissipatio
rate of mixture fraction, which is a chemically co
served scalar, is available in the literature[6,23–25].
However, the information onN in turbulent premixed
flames is limited. Modeling ofN using the turbulen
time scale alone, as is done in[4] for nonpremixed
flames, is insufficient for premixed flames. The
fluence of chemical processes should also be con
ered (see Eq.(13) below) because of strong couplin
among the turbulence, the chemical, and the mole
lar diffusion processes in turbulent premixed flame

Few experimental studies[26–29] have been car
ried out to understand the behavior ofN . These stud-
ies, except[28], show that the values ofN in turbulent
premixed flames are low compared to laminar fla
values. Analysis[30] of direct numerical simulation



N. Swaminathan, K.N.C. Bray / Combustion and Flame 143 (2005) 549–565 551

r
to

not
. It
elp
we

uid
ap-
ts.
n
u-
hi

th
ing
lso
y

ront
ties

for
of

ve-
c-

ge
ble
w-
in

Da,

in
erm
via

m-

m-

i-
s

alar
n
rt,

ped

lv-
m
ed

and
-
rm

-
lds.
ro-
es
ity
rce
of

and
al
p-
e of
vity
m-

ars
results shows an increase inN compared to lamina
values. More detailed investigations are required
reconcile these differences. This reconciliation is
intended here but will be the subject of future work
is anticipated that the framework set out here will h
such an investigation. In the following subsection
derive a transport equation forN from Eq.(1).

2.1. Governing equation for N

Khajeh-Nouri [31] and Zeman and Lumley[32]
derived a transport equation for̃εc for buoyancy-
driven mixing layer studies. In those studies, the fl
density is treated as a constant but a Bousinesq
proximation is used to account for buoyancy effec
Jones and Musonge[33] also used such an equatio
to model a variety of high Reynolds number turb
lent flows including mean scalar gradients. Borg
and Dutoya[13] derived this transport equation wi
constant density assumption for chemically react
flows. Recently, a Favre form of this equation is a
presented in[14]. The details of the derivation ma
be found in[11–13]. It is suggested in[14] that some
of the effects of density change across the flame f
can be incorporated via Landau–Darrieus instabili
following Paul and Bray[34]. The model of Paul and
Bray[34] is a phenomenological one and accounts
the effects of density change only when the ratio
root-mean-square value of turbulence fluctuating
locity to unstrained laminar flame propagation velo
ity is low. Here, we follow a simple approach[35,36]
which automatically accounts for the density chan
across the flame front. This equation is applica
to all turbulent premixed combustion regimes. Ho
ever, we limit our analysis to turbulent combustion
the thin flamelet regime characterized by Da
 √

Re.
The turbulence Reynolds, Re, and Damköhler,
numbers are defined later in Section2.2.

First, we obtain a governing equation forc,k by
differentiating Eq.(1) in directionk. This equation is

(2)ρ
Dc,k

Dt
+ ρuj,kc,j + ρ,k

ρ
[ω̇ +D] = ω̇,k +D,k .

Note that Eq.(1) is used again to obtain the part with
the square bracket in the third term. The second t
represents the interaction of scalar and flow fields
their respective gradients. The tensor term,uj,k , can
also be written as the sum of strain (ejk = 0.5(uj,k +
uk,j )) and rotation (rjk = 0.5(uj,k − uk,j )) tensors.

If the progress variable is defined in terms of te
perature, then it can be shown[4,30] thatρu = ρ(1+
τc) andτ [ω̇ + D] = ρu(∂ul/∂xl), by using the state
and continuity equations for low Mach number co
bustion. The heat release parameterτ is defined as
τ ≡ (Tb − Tu)/Tu. The second part relating the d
latation, (∂ul/∂xl), to reaction rate and diffusion i
known as the dilatation equation[30]. By using the
above expressions, it can be shown that

(3)
ρ,k

ρ
[ω̇ +D] = −ρc,k

(
∂ul

∂xl

)
.

Multiplying Eq. (2) by 2αc,k one obtains

ρ
DN

Dt
= ∂

∂xj

(
ρα

∂N

∂xj

)
− 2ραα

∂c,k

∂xj

∂c,k

∂xj

− 2ραc,j ejkc,k + 2ρN

(
∂ul

∂xl

)
(4)+ 2αc,k ω̇,k + c2,k F(α),

as a governing equation for the instantaneous sc
dissipation rate,N . The contribution from the rotatio
tensor,rjk , will be zero and thus only the strain pa
ejk , appears above. The diffusivity ofc is treated as
temperature dependent and its contribution is lum
into F(α) which is given by

F(α) ≡
{
ρ

Dα

Dt
− ∂

∂xj

(
ρα

∂α

∂xj

)}
− 4ρα

∂ ln(c,k )

∂xj

∂α

∂xj

+ 2
α

c,k

∂

∂xj

(
∂c

∂xj

∂ρα

∂xk

)
.

It should also be noted that there is a term invo
ing the derivative of density gradient resulting fro
2αc,kD,k . We expect this term to be small compar
to other terms and thus it is included inF(α) as the
last term.

The meaning of various terms in Eq.(4) is as fol-
lows. The left-hand side represents the temporal
convective changes ofN . The first term on the right
hand side is the diffusive flux term. The second te
denotes the dissipation ofN . The third term repre
sents the interaction of turbulence and scalar fie
The fourth term represents the source or sink for p
duction ofN due to chemical and diffusive process
undergone byc. This term appears because dens
is allowed to vary across the flame front. The sou
or sink nature of this term depends on the sign
the correlation between the scalar dissipation rate
the dilatation. Sincec is a reactive scalar, the usu
production ofN because of chemical reaction is re
resented by the fifth term. The last term is becaus
the temperature dependence of the thermal diffusi
of the mixture, which is expected to be small co
pared to the rest of the terms in Eq.(4). As one may
see in Eq.(4), the effects of density change appe
naturally via the fourth term.

The equation used in earlier studies[11–14,31,32]
is for ε̃c. The instantaneousN may be written as a
sum of Favre mean and fluctuation, viz.,N = Ñ +n′′.
By using the definitions ofN andε̃c given above, one
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(5)ρε̃c = ρÑ − ρα
(
c̃,k c̃,k

)
.

The Favre fluctuation ofN is given asn′′ = 2αc̃,k c′′,k
+ αc′′,k c′′,k − ε̃c. A transport equation for̃N can be
obtained from Eq.(4) by substitutingN = Ñ + n′′
and then taking the Favre average and notingñ′′ = 0.
This equation may be written as

∂ρÑ

∂t
+ ∂

∂xj

(
ρŨj Ñ

) − ∂

∂xj

(
ρα

∂Ñ

∂xj

)

= −
∂ρũ′′

j
n

∂xj
− 2ραα

∂c,k

∂xj

∂c,k

∂xj

− 2ρα(c,j ejkc,k ) + 2ρN

(
∂ul

∂xl

)
(6)+ 2αc,k ω̇,k + c2,k F(α).

A balance equation for̃c,k can be obtained by tak
ing the Favre average of Eq.(2). Then the resulting
equation is multiplied by 2̃αc̃,k to obtain a transpor
equation forρα(c̃,k c̃,k ). This resultant equation i
then subtracted from̃N equation to obtain a transpo
equation for̃εc. This equation is written as

∂ρε̃c

∂t
+ ∂

∂xj

(
ρŨj ε̃c

) − ∂

∂xj

(
ρα

∂ε̃c

∂xj

)
(7)+ 2ραα

(
∂c′′,k
∂xj

∂c′′,k
∂xj

)
= T1 + T2 + T3 + T4,

where

T1 ≡ −
∂ρu′′

j
εc

∂xj
− 2ρα

(
ũ′′
j
c′′,k

)∂c̃,k

∂xj
= T11 + T12,

T2 ≡ 2ρε̃c
∂Ũl

∂xl
+ 2ρα

(
c′′,k c′′,k

∂u′′
l

∂xl

)
= 2ρεc

∂ul

∂xl
,

T3 ≡ −2ρα
∂c̃

∂xj

( ˜
∂c′′
∂xk

∂u′′
j

∂xk

)
− 2ρα

( ˜∂c′′
∂xj

e′′
jk

∂c′′
∂xk

)

− 2ρα

( ˜∂c′′
∂xj

∂c′′
∂xk

)
ẽjk = T31 + T32 + T33,

T4 ≡ 2

(
α

∂c′′
∂xk

∂ω̇′′
∂xk

)
,

with the contribution ofF(α) ignored. For compari
son, we also quote the corresponding equation f
Mura and Borghi[14], which is

∂ρε̃c

∂t
+ ∂

∂xj

(
ρŨj ε̃c

)
= ∂

∂xj

(
ρα

∂ε̃c

∂xj

)
︸ ︷︷ ︸− ∂

∂xj

(
ρu′′

j
εc

)
︸ ︷︷ ︸
(III ) (IV)
− 2
∂c̃

∂xj
ρα

∂c′′
∂xk

∂u′′
j

∂xk︸ ︷︷ ︸
(V)

−2ρα
∂c′′
∂xj

∂c′′
∂xk

∂Ũj

∂xk︸ ︷︷ ︸
(VI)

− 2ραu′′
j

∂c′′
∂xk

∂2c̃

∂xj ∂xk︸ ︷︷ ︸
(VI-b)

−2ρα
∂c′′
∂xj

∂c′′
∂xk

∂u′′
j

∂xk︸ ︷︷ ︸
(VII )

− 2ραα
∂2c′′

∂xj ∂xk

∂2c′′
∂xj ∂xk︸ ︷︷ ︸

(VIII )

+2α
∂c′′
∂xk

∂ω̇′′
∂xk︸ ︷︷ ︸

(IX)

in our notation.
If one invokes a constant density approximat

(∂ul/∂xl = 0) the equation given in Refs.[12,14] is
recovered as above. With this constant density
proximation, the third and fourth terms on the le
hand side of Eq.(7) respectively represent terms (II
and (VIII) above. The termT1 represents the sum o
(IV) and (VI-b). TheT2 term is zero because the d
latation is zero when the density is assumed to be c
stant. Thus, this contribution is absent in the equa
of Mura and Borghi. The effects of mean and fluc
ating strain fields are lumped intoT3 in Eq. (7). This
term represents the sum of (V), (VI), and (VII). Th
termT4 represents the (IX) above. Note that the al
braic sign is also included in theTi terms above. One
should also note that Eq.(7) is exact, except for the
neglect ofF(α), for turbulent premixed flames but
is unclosed.

2.2. Behavior at high Reynolds and Damköhler
numbers limit

The turbulence Reynolds and Damköhler nu
bers are respectively defined as Re≡ u′Λ/νu and
Da ≡ (τf /τc) = Λso

L
/(u′δo

L
), whereu′ is the root-

mean-square value of turbulence velocity,Λ is the
integral length scale of the turbulence field,δo

L
is the

thermal thickness of unstrained laminar flame, andνu

is the kinematic viscosity of reactant mixture. Als
we takeνu 	 αu. In the case of thin flames, the gr
dient ofc is zero outside the flame. Thus, the lamin
flame scales are used to scale the quantities inv
ing or multiplied by the gradient ofc in the order of
magnitude analysis. The spatial derivatives of m
quantities are scaled by the integral length scale
the evolution timet is scaled by the eddy turnove
time. Details of the order of magnitude analysis
Eq. (7) are given inAppendix A. The following ob-
servations can be made from the order of magnit
analysis.

(a) When Re and Da become very large, at the le
ing order the dissipative term (fourth term on t
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LHS of Eq.(7)) is balanced by the dilatation (T2),
the interaction of turbulent strain and scalar g
dient (T32), and the chemistry (T4) terms. It is
interesting to note that the dilatation term is co
ing out naturally as an important term as o
would expect in flames. This is contrary to t
findings in[35] where the dilatation-related ter
is deemed to be of lower order.

(b) The temporal, convective, turbulent flux (T11)
and the mean strain related term (T33) also be-
come significant when Re is very large but D
is finite. The turbulent flux becoming large com
pared to the molecular flux is consistent with t
traditional high Re assumption.

(c) Mantel and Borghi[12] showed that the produc
tion of dissipation rate (T12) due to the interac
tion of turbulent flux ofc,k and its mean gradien
scales as Re−1/2 Da−3/2 whereas here it scale
as Re−1 Da−1. This is because of the differenc
in the scaling of the turbulent flux,̃u′′c′′,k . It is
scaled as(u′/δo

L
) in [12] whereas here it is scale

as(so
L
/δo

L
). Nevertheless, this term becomes n

ligible in the thin flamelet combustion regime.
(d) Also, the mean scalar gradient-related term,T31,

scales as Da−3/2 in [12] but here it scales a
Re−1/2 Da−1/2. This difference is because of th
scaling used for the fluctuating strain field. He
e′′
jk

∼ (so
L
/δo

L
), whereas in[12] it is scaled as

(u′/λ), with λ as the Taylor length scale. Th
validity of the scalings used in this study m
be adjudged from the results presented in S
tion 4.1.

(e) More importantly, the interaction of turbule
strain and scalar gradient term,T32, isO(1) here
but in [12] it is O(Re1/2 Da−1). This difference
is again because of the scaling difference no
in (c) above.

Based on the order of magnitude analysis d
cussed above, we will not considerT12 further and
this neglect is also consistent withc̃,k � c′′,k in a thin
flamelet combustion regime. Now, Eq.(7) may be
written as

(8)ρ
Dε̃c

Dt
= T11 + T2 + T3 + T ∗

4 ,

with

T ∗
4 = T4 − 2ραα

(
∂c′′,k
∂xj

∂c′′,k
∂xj

)
+ ∂

∂xj

(
ρα

∂ε̃c

∂xj

)
.

A simple model for the dissipation rate of the progre
variable may be obtained by considering domin
terms in the above equation. We shall do this a
identifying appropriate models for various terms
the RHS of Eq.(8) and observing that the chemic
time scale also plays a role. Earlier models[4,40] for
ε̃c include only the turbulence time scale.
2.3. Models for different terms in Eq. (8)

For the thin flamelet combustion, one may wr
Eq.(1) asnsLρ ·∇c = ω̇+D along the flame norma
n, which is pointing toward the product side. Fro
this, one may obtain[12]

2αc,kω̇,k = (
ρñj sLÑ

)
,j − (

ραÑ,j
)
,j

(9)+ 2ραα(c,n ),n (c,n ),n.

This equation may also be written by replacing̃N

with ε̃c from Eq. (5) if c̃,k � c′′,k . The dissipation
term in Eq.(7) may be written as

ραα(c,k ),j (c,k ),j = ραα(c,n ),n (c,n ),n

+ 4ραα(c,n ),ξ (c,n ),ξ

(10)+ 4ραα(c,ξ ),ξ (c,ξ ),ξ

by decomposing the gradient along the flame nor
and tangents[12]. Local isotropy is assumed in th
flamelet tangential directions,ξ1 andξ2. By combin-
ing the above two expressions one can obtainT ∗

4 ≡
−8{ραα(c′′,n ),ξ (c′′,n ),ξ + ραα(c′′,ξ ),ξ (c′′,ξ ),ξ }. The
models proposed in[12,14]are adopted here:

T11 	 ∂

∂xj

(
µt

Scεc

∂ε̃c

∂xj

)
,

T3 = T31 + T32 + T33

	 −Cpcρ

(
ε̃

k̃

)
ũ′′
j
c′′ ∂c̃

∂xj
+ Aeρ

(
ε̃

k̃

)
ε̃c

− Cpuρε̃c

( ũ′′
j
u′′
k

k̃

)
ẽjk,

T ∗
4 	 −2

3
βρ

ε̃c
2

c̃′′2

(
3

2
− Cεc

sL√
k̃

)
.

The model constants in theT3 term andβ are given in
[12] and are also listed inTable 2, which is discussed
later. The local laminar propagation speed is deno
by sL and it can vary from one point to another on t
surface of instantaneous flame front. In the follow
discussion, we takesL ≈ so

L
.

The dilatation term,T2, is modeled using the BML
approach[4]. In this approach, the marginal pdf
c is P(c;x, t) = α∗(x, t)δ(c) + β∗(x, t)δ(1 − c) +
γ ∗(x, t)f (c). The dilatation is zero everywhere e
cept inside the flame front. Thus,T2 must be propor-
tional toγ ∗. This yields

T2 = 2ρu

(
so
L

δo
L

)2
γ ∗

1∫
0

{
ρ

ρu

(
δo
L

so
L

)2
N∇ · u

}o

L

f (c)dc

= 2K1ρu

(
so
L

δo

)2
γ ∗ = 2Kcω̇

(
so
L

δo

)

L L
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(11)= 4Kc

(2Cm − 1)

(
so
L

δo
L

)
ρε̃c,

where the subscriptL and superscripto are used
to denote that the quantities are taken from the
strained planar laminar flames. The symbolsKc and
Cm are respectively defined as

Kc =
(

δo
L

so
L

)∫ {ρN(∇ · u)}o
L
f (c)dc∫

ω̇o
L
(c)f (c)dc

and

Cm =
∫

cω̇o
L
f (c)dc∫

ω̇o
L
f (c)dc

.

The symbolω̇o
L

represents the mass production rate
c in unstrained laminar flames. Bray[17] has shown
that the value ofCm varies from 0.69 to 0.72 fo
meaningful forms off (c). Here, we takeCm = 0.7.
Also, one obtainsKc 	 0.1 for a uniform distribu-
tion of burning mode pdff (c) and the laminar flame
structure obtained via a single irreversible react
with large activation energy. The use of multist
chemical kinetics to represent the laminar flame str
ture assumed in the above model will definitely infl
ence the variation of dilatation in the flame front a
thus the value ofKc. However, this is a matter of ca
ibration of Kc . Here, we concentrate to achieve o
objective of finding a simple algebraic model for t
ε̃c involving the chemical and turbulence time scal
The effect of strain and curvature on the correlati
N(∇ · u), is unknown at this time. However, it is ob
served[37] that the effect of strain on the dilatation
negligible for hydrocarbon and rich hydrogen flam
It is expected that the influence of strain and cur
ture will come viaN . This can also have an influenc
on the value ofKc .

A simple model for the dissipation rate can no
be obtained by consideringO(1) terms in Eq.(7)
as noted earlier. If the dilatation term is ignor
then T32 + T ∗

4 	 0. From this expression and fo

(
√

k̃/so
L
) > 2Cεc/3, one obtains

(12)ε̃c 	
(

1+ 2

3
Cεc

so
L√
k̃

)
CD

(
ε̃

k̃

)
c̃′′2,

whereCD is the ratio ofAe to β. If the scalar is non-
propagative (so

L
= 0) then one recovers the classic

form [4,40]. The additional contribution is becau
of the curvature produced by the propagating mec
nism[9]. It is also important to note that the chemic
time scale is not involved in the above model beca
we ignored the effect of heat release on the fluid
namic processes.

If one includes the effect of heat release via
dilatation term then

(13)ε̃c 	
(

1+ 2

3
Cεc

so
L√ ˜

)(
CDc

so
L

δo + CD
ε̃

k̃

)
c̃′′2,
k L
whereCDc
is a constant resulting from Eq.(11) and

it is the ratio of 4Kc to (2Cm − 1)β. The model
given by Eq.(13) involves explicit dependence of th
dissipation rate on the chemical time scale. It see
that the heat release occurring in the flame increa
the dissipation rate in addition to the increase by
propagation mechanism. It is also interesting to n
that the model for̃εc given by Eq.(13) degenerate
to the classical model ifc is a nonreactive and
nonpropagative scalar. A simple algebraic expres
for the mean reaction rate can now be obtained
ω̇ = 2ρε̃c/(2Cm − 1) and Eq.(13). Earlier models for
the mean reaction rate do not involve[7,17] the chem-
ical time scale explicitly as obtained here.

3. DNS comparisons

In this section, DNS data sets are used to valid
the algebraic model obtained above for the scalar
sipation rate. The DNS data[15,16] are in the thin
flamelet combustion regime. The attributes of th
data sets are given inTable 1. The case R1[15]
used complex chemical kinetic mechanism for H2–air
combustion in two-dimensional decaying turbulen
under conditions where strong thermodiffusive effe
occur. The case R2[16] used a single irreversible re
action to directly simulate premixed combustion
three-dimensional spatially decaying turbulence. T
data sets att+ = 1.41 and 2.59 from the case R
are considered for analysis here. For the case R2
data set is available only att+ = 19.4. In the above
and following discussions, the quantities with sup
script + denote the values appropriately normaliz
using the planar unstrained laminar flame thickn
and its burning velocity. It is worth noting that th
length scale ratio given inTable 1for the case R2 is
obtained using(Λ/δ) reported in[16] and(δo

L
/δ) =

2(1+ τ )0.7 [7]. The Zeldovich thickness based on t
thermal diffusivity andso

L
is denoted byδ.

The contours ofc from cases R1 and R2 are plo
ted in Fig. 1. Figs. 1a and 1bare from the two-
dimensional simulation R1 andFigs. 1c and 1dare
from the three-dimensional case R2. It is clear that
combustion in both simulations is occurring in thin r
gions. At a later time in the two-dimensional case
turbulent combustion may seem to be nonflame
like because the contours ofc are nonparallel and
reactant islands are formed as inFig. 1b. Since the

Table 1
Initial parameters of direct simulation data used

Run 2D/3D Chemistry τ u′/so
L

Λ/δo
L

Re Da

R1 2D Multistep 2.67 2.68 22.31 598 8.33
R2 3D Single-step 2.3 1.41 6.16 56.7 4.37
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nstant
3D
inar
Fig. 1. Contours of progress variable,c, from the DNS data sets used. The contours are plotted from 0.05 to 0.85 with a co
interval of 0.1. Panels (a) and (b) are from the 2D case R1 att+ = 1.41 and 2.59, respectively. Panels (c) and (d) are from the
case R2 and they respectively represent the mid and 3/4th z plane. The domain size is normalized using the respective lam
flame thermal thickness,δo
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flame is a rich hydrogen–air flame of equivalence
tio, φ = 1.3, the predominant heat release occurs
the regionc � 0.4. For these values ofc where chem-
ical processes are dominant, one may observe
the iso-level contours are parallel to each other
closely spaced. Thus, one can see that the com
tion is in thin reaction zones. This is consistent w
the values of velocity and length scales ratios giv
in Table 1. Also, the calculation R1 was observed
be underresolved numerically in an earlier study[37].
Despite this we analyze this data set with the hope
some information about the behavior ofε̃c may be ob-
tained. However, due care needs to be exercised w
interpreting the results from this case. Here, we c
sider only the results which are not affected to a la
extent by the numerical resolution issues. Analysis
the case R2 shows that this calculation is resol
very well.
If the turbulent combustion is in the thin flamel
regime thenc̃,k � c′′,k . Thus, from Eq.(5) one may
write ε̃c 	 Ñ for this regime of turbulent combustio
This observation is tested inFig. 2 using the DNS
data. Results from the case R1 are shifted up arbi
ily for clear presentation. The agreement is excel
for the case R2 showing the validity of the above
sumption. In the case R1, the agreement betweeÑ

andε̃c is good except for the regions aroundc̃ 	 0.7.
A laminar hydrogen–air flame withφ = 1.3 releases
most of its heat aroundc 	 0.3 [37]. The turbulent
flame in the case R1 also shows this behavior. Th
one expects the scalar dissipation rate to peak aro
this location because of the strong dependence o
action rate on the scalar dissipation rate. This can
clearly observed inFig. 2 for the case R1. Howeve
the second peak iñεc

+ aroundc̃ 	 0.7 is nonphysica
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spective
able
Fig. 2. Variation ofÑ+ andε̃c
+ inside the flame brush in cases R1 and R2. These quantities are normalized using the re

laminar flame thermal thickness and its speed. Note thatÑ+ includes the contribution from gradients of mean progress vari
also (see the definition ofN in the Introduction).
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and is because of insufficient numerical resolution
observed in[37].

In laminar flames, the progress variable var
tion in the flame-normal direction follows an err
function-type behavior. For this spatial variation
c, one would expect its gradient to peak atc = 0.5.
In the case R2, one may expect a similar beha
for c since the combustion is in thin flamelets. In th
regime, the behavior of the scalar dissipation rate
be dominated by the variation of the gradient ofc in
the flame-normal direction. Thus, the dissipation r
peaks in the middle of the flame brush. Note that
fluid properties were held constant in the DNS[16].
If the fluid properties were allowed to depend on te
perature then the peak scalar dissipation rate wo
have shifted toward the burnt side of the flame br
as observed by Mantel and Bilger[41].

In the light of the results shown inFig. 2, one may
argue that Eqs.(6) and (7)are essentially the same f
turbulent combustion in the thin flamelet regime. T
differences between these equations come via te
T12, T31, and T33. Indeed, the order of magnitud
analysis presented inAppendix A shows that thes
terms are negligible in the thin flamelet combust
regime. Thus, one may simply replacẽN in Eq. (6)
by ε̃c.

The classical model for the scalar dissipation r

is ε̃c
+ 	 R(ε̃+/k̃+)c̃′′2, whereR is defined to be the

ratio of dissipation time scales of turbulence to sca
Generally, this time scale ratio is assumed to be c
stant with a value of about 2. This model works w
for a passive scalar but not for a reactive scalar likc.
Mantel and Bilger[41] observed a large variation o
R inside turbulent flame brush in their analysis of d
ferent DNS data sets. A similar behavior ofR is also
observed here as inFig. 3. Note thatR/10 is shown
in Fig. 3. The time scale ratio also seems to depe

on the Re and Da (see Eq.(12)) via the ratioso
l
/
√

k̃

as observed by Mantel and Borghi[12]. However, the
model given by Eq.(12) is applicable only if the con

dition (
√

k̃/so
l
) > 0.067, for Cεc = 0.1, is met. The

DNS data sets considered here satisfy this condi
allowing us to test the model.

The model constantCD in Eqs.(12) and (13)can
be written asCD ≈ ε̃c/(ε̃/k̃). The value ofCD cal-
culated thus varies across the flame brush as sh
in Fig. 3. For further analysis of DNS data present
below, we takeCD ≈ 0.05 which is close to the ave
age of the variation shown inFig. 3. Typical variation
of (ε̃+/k̃+) in the turbulent flame brush is shown
Fig. 4 while the inset inFig. 4 shows the variation
of ε̃+. This result is from the case R2. The turbulen
time scale is minimum around̃c 	 0.7 and increase
on either side. Because of peak heat release ar
this location, the turbulent kinetic energy is maximu
around this location, leading to large dissipation r
as in the inset ofFig. 4. Thus, the turbulence tim
scale is minimum at the location of peak heat relea

Fig. 5compares the values of the scalar dissipa
rate in the DNS data att+ = 19.4 and predicted by th
three models, the classical model and those given
Eqs.(12) and (13), discussed above. The DNS resu
are from the case R2 and show a typical bell-sh
variation seen in turbulent flame experiment[26]. The
classical model withR = 2.0 overpredicts the scala
dissipation rate. The predictions of̃εc

+ by Eqs.(12)
and (13)with CD = 0.05 are also shown inFig. 5.
If one usesR = 0.05 in the classical model then th
variation predicted by this model is almost close
that given by Eq.(12). These values are lower tha
the DNS values and the predictions are unsatisfac
The predictions of these two models show thatε̃c

+ is
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e
Fig. 3. Variation of time scale ratio,CD , and the calibrated value of the classical model constantR inside the flame brush in th
case R2. Note thatR/10 is shown.
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Fig. 4. Variation of the inverse of turbulence time scale
side the turbulent flame brush in case R2. The inset sh
the variation of Favre mean of turbulent kinetic energy d
sipation rate,̃ε+. The quantities are normalized by the u
strained laminar flame speed and its thermal thickness
propriately.

increasing nearly linearly inside in the flame brush
to c̃ ≈ 0.7 and then decreases on trailing side of
flame brush. In these two models, the variation ofε̃c is
predominantly determined by the behavior of(ε̃/k̃).

The prediction by the revised model, Eq.(13),
developed in this study is close to the DNS val
The bell shape variation is also captured by t
model. The close agreement observed between
DNS data and the revised model prediction is enco
aging. Comparisons of predictions of this model w
more DNS and experimental results will be intere
ing and useful. A systematic study of nonunity Lew
number effects will also be interesting. At least
the cases considered here, this model clearly sh
that the contribution of heat release overwhelmin
dominates the contribution of the turbulence proce
This implies that the scalar dissipation rate inside
turbulent flame brush is controlled by the chemi
processes as envisaged by Libby and Bray[18].
Note that the direct simulation in the case R2 u
a single irreversible reaction to mimic the combust
chemistry. It will be interesting to see the influen
of multistep chemistry on the behavior of the revis
model obtained here. Thus, the data set att+ = 1.41
from the case R1 is analyzed to obtain the variat
of scalar dissipation rate across the turbulent fla
brush. This is shown inFig. 6and the variation is sim
ilar to that given inFig. 5except for the peak aroun
c̃ = 0.7. This peak is because of the insufficient n
merical resolution in the direct simulation as not
earlier. The values of scalar dissipation rate obtai
via Eqs.(12) and (13)using the DNS values for̃k, ε̃,
and c̃′′2 are also shown inFig. 6. For this case also
we usedCDc

= 0.24 as in the previous case. Howev
value of CD , which is related to the ratio of turbu
lence time scale to scalar time scale, and is obta
in the same manner as for data set R2, is about
orders of magnitude smaller than the value used
the previous case. This is because, the direct sim
tion in the case R1 is two-dimensional. The proces
of turbulence kinetic energy production and its d
sipation in two-dimensional flows are different fro
those in three-dimensional flows. Thus, obviously o
may expect to have a different value forCD in two-
dimensional flows.

It is important to note that the scalarc is reac-
tive and thus the chemical processes will also af
the dissipation ofc fluctuations. This means that th
chemical time scale should also be involved in
model. Such a model is derived above and is gi
by Eq.(13). The prediction of this model is compare
to DNS values and the classical model prediction
Fig. 5. The agreement to the DNS data is improv
enormously and is encouraging. However, caut
needs to be exercised in interpreting the results sh
in Fig. 6 because of the two-dimensionality of th
DNS in the case R1. It would be interesting a
worthwhile to test this model’s performance usi
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Fig. 5. Comparison of normalized predicted dissipation rate,ε̃c
+, using Eq.(13) to the DNS values in case R2. Note thatε̃c

+/8
is shown above for the classical model.

Fig. 6. Comparison of normalized predicted dissipation rate,ε̃c
+, using Eq.(13) to the DNS values in 2D case R1 att+ = 1.41.
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DNS data for high Re than those considered in
data sets used here and using three-dimensional
data with complex or reduced chemistry.

4. RANS test problem

In principle, Eq.(8) with the above models ca
be used for RANS calculation of turbulent premix
flames. We consider a test problem detailed below
study the effect of dilatation on the flame propag
tion. The test problem we consider is a statistically
planar turbulent flame brush propagating in a froz
turbulence field. The frozen turbulence implies th
the turbulent kinetic energy and its dissipation rate
main constant in time and space. The propagatio
the turbulent flame brush is unsteady and is gover
by the set of equations given below.

4.1. Governing equations

The equations to be solved in RANS of turbule
premixed flames are the transport equations for
mass, the momentum, the turbulent kinetic ene
and its dissipation rate for the mean flow along w
the transport equations forc̃ and ε̃c. These equation
for high Reynolds number flow can be written[38] as

(14)
∂ρ

∂t
+ ∂ρŨ

∂x
= 0,

(15)
∂ρŨ

∂t
+ ∂ρŨŨ

∂x
= −∂P

∂x
− ∂

∂x

(
ρũ′′u′′),

(16)

∂ρk̃

∂t
+ ∂ρŨ k̃

∂x
= ∂

∂x

[(
µ + µt

Sck

)
∂k̃

∂x

]
− ρũ′′u′′ ∂Ũ

∂x

− u′′ ∂P

∂x
+ p′∇ · u′′ − ρε̃,

(17)

∂ρε̃

∂t
+ ∂ρŨ ε̃

∂x
= ∂

∂x

[(
µ + µt

Scε

)
∂ε̃

∂x

]
− Cε1ρ

ε̃

k̃
ũ′′u′′ ∂Ũ

∂x
− Cε1u′′ ε̃

k̃

∂P

∂x
− Cε2ρ

ε̃2

k̃
,

(18)
∂ρc̃

∂t
+ ∂ρŨ c̃

∂x
= 2

(2Cm − 1)
ρε̃c − ∂ρu′′c′′

∂x
,
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(19)

∂ρε̃c

∂t
+ ∂ρŨ ε̃c

∂x
= ∂

∂x

(
µt

Scεc

∂ε̃c

∂x

)
+ 4Kc

(2Cm − 1)

(
so
L

δo
L

)
ρε̃c − Cpcρ

(
ε̃

k̃

)
ũ′′c′′ ∂c̃

∂x

+ Aeρ

(
ε̃

k̃

)
ε̃c − Cpuρε̃c

ũ′′u′′
k̃

∂Ũ

∂x

− 2

3
βρ

ε̃c
2

c̃(1− c̃)

(
3

2
− Cεc

so
L√
k̃

)
.

The mean density is obtained viaρ = ρu(1+ τ c̃)−1.
The momentum equation yields̃U . The pressure,P ,
is obtained via the continuity equation using the pr
sure correction approach of Patankar[39]. The tur-
bulent kinetic energy and its dissipation rate can
obtained via Eqs.(16) and (17). Since the turbulenc
is assumed to be frozen in the test cases consid
here,k̃ and ε̃ equations are not solved. The progre
variable variation is obtained from Eq.(18). The re-
action rate can be closed via thẽεc equation. In this
study, we use the algebraic closure forε̃c instead of
using Eq.(19). This is to avoid the uncertainty aris
ing because of various model constants involved
theε̃c transport equation. Also, by using the algebr
closure for the mean reaction rate the number of eq
tions to be solved is reduced to three (Eqs.(14), (15),
and (18)).

The Reynolds stress in Eq.(15) and the turbu-
lent scalar flux in Eq.(18) are to be modeled. Th

Reynolds stress is modeled[7] as 3ρũ′′u′′ = −4µt ×
(∂Ũ/∂x) + 2ρk̃. The turbulent viscosity is calculate
as µt = ρcµ(k̃k̃/ε̃) following the classical̃k–ε̃ tur-

bulence closure. The turbulent scalar flux,̃u′′c′′ is
obtained using a gradient hypothesis. The use of
gradient model for the turbulent scalar flux may
questionable and it will definitely influence the flam
propagation observed. As long as we keep the sc
flux model consistent between calculations with a
without dilatation effect, the influence of dilatation o
the flame propagation via the mixing models can
studied.

The unsteady calculations are started by initia
ing the computational domain with hot products
one side and cold reactants on the other side. Th
achieved by specifying a variation forc̃ (seeFig. 8).
The computational domain size is 0.25 m and c
tains 300 cells which are uniformly spaced. From
specified initial variation of̃c, the initial conditions
for density and velocity are obtained. Pressure is sp
ified to be atmospheric at the end of the computatio
domain. Since the turbulence is frozen, the velocity
reactant mixture coming into the domain is specifi
to be zero while the density of this mixture is spe
fied to be 1.2 kg/m3. The size of the time step use
in the calculation is about a microsecond. A typic
Fig. 7. Turbulent premixed combustion diagram showing
conditions of four different turbulent premixed flames co
sidered for RANS calculation (also seeTable 3). The initial
conditions of the DNS data (R1 and R2) considered are
shown above.

calculation is continued until a steady flame propa
tion is observed and the time span for this depe
on the initial turbulence level specified. The RAN
calculations using the models given by Eqs.(12) and
(13) are respectively referred to as EBU1 and RE
in the following discussion.

4.2. RANS results

RANS calculations of the test problem are carr
out with EBU1, Eq.(12), and REBU, Eq.(13), mod-
els for the mean dissipation rate. The calculations
done foru′/so

L
= 1, 1.5, 3.0, and 4.5 withτ = 2.3.

This value ofτ implies a moderate heat release
the turbulent flame. Thus, one may expect a gra
ent transport for the turbulent scalar flux in the m
part of the flame brush[42]. The nondimensional pa
rameters of the flames considered here are give
Table 3and are also marked in the turbulent comb
tion regime diagram shown inFig. 7. Note that the
integral length scale of the turbulence field is norm
ized using the laminar flame thermal thickness. T
line of Karlovitz number equal to one represents
Klimov–Williams criterion for flamelet combustion
The Karlovitz number is defined as Ka≡ (δ/ηk)

2 =
{[2(1+ τ )0.7]−1(u′/so

L
)3(δo

L
/Λ)}0.5 and is kept con-

stant at about 0.28 for all the cases considered.
also suggested[3] that the combustion occurs in th
flamelets if the Kolmogorov length scaleηk > δo

L
.

One should, however, remark that the criterion de
ing the regimes of turbulent combustion is still
open question.

The propagation of turbulent flame brush in t
case F1 is shown inFig. 8a in the form of spatial vari
ation of c̃ at various times. This flame hasu′/so

L
= 1.

After going through some initial transients, the spa
variation of c̃ settles well and the flame brush trave
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e F1 is
Fig. 8. Comparison of flame propagation predicted by (a) EBU1 and (b) REBU models. The unsteady premixed flam
traveling from right to left in a frozen turbulence field withu′/so

L
= 1 andΛ/δo

L
= 2.86.
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toward the unburnt side at a constant speed. A num
of different initial profiles were considered in a pr
liminary calculation and the speed of the flame bru
propagation in the steady regime is found to be in
pendent of the initial profile specified. But the initi
transient period depends on the initial condition.
choose the initial profile which showed a short tra
sient period for the calculations reported here. Al
the solutions given here are not checked for numer
grid independence. However, the grid independe
of the solution is not of prime importance to addre
the objective of this study and it will not influence th
conclusions of this investigation. To give some id
about the numerical resolution used in the calculat
locations of the grid cells are shown inFig. 8 for few
instances.

The flame is propagating faster as inFig. 8b when
the effect of heat release is included. By aboutt =
0.7 s, the turbulent flame brush is very close to
left boundary of the computational domain. Where
in Fig. 8a, the flame brush is still well within the com
putational domain even att = 1.2 s. In addition to the
faster propagation, the spatial variation ofc̃ becomes
steep causing the numerical resolution to deterio
slightly. This becomes more obvious near the c
front of the flame brush. It is observed that the n
merical resolution becomes worse if a countergrad
transport model for the turbulent scalar flux is us
This is the main reason for us to choose a mode
value for τ and gradient flux model for the turbu
lent scalar flux in this study. However, the issue
numerical resolution can be solved if one follows
adaptive griding technique which will be used in f
ture investigations.

It is easy to calculate the displacement speed,Sd ,
from the time trace of a particular value ofc̃. In the
thin flamelet combustion regime, all the iso-conto
of c move at the same displacement speed. Ind
such a behavior is observed by plotting (not show
the loci of c̃ = 0.3, 0.5, and 0.7 with time. Thus, it i
immaterial which value of̃c is chosen to calculateSd .
Here, we choosẽc = 0.5 to calculate the displaceme
speed. The time trace of̃c = 0.5 is shown inFig. 9
for various cases considered here. The three cas
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the
e brush
Fig. 9. The time trace of̃c = 0.5 in various test flames considered for RANS calculation. Panel (a) shows the results foru′/so
L

= 1
case, flame F1 inTable 3, and panel (b) shows the results foru′/so

L
= 3 and 4.5, flames F3 and F4. This figure clearly shows

importance of the dilatation term. The positive slope of the curves in (b) indicates the flame blowoff: inability of the flam
to propagate into the unburnt mixture.
est
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me
Fig. 9a are represented by the first square (southw
to R2) in Fig. 7. After an initial short transient pe
riod, there is a linear decrease ofxloc with t in all the
cases shown inFig. 9a. The slope of this linear var
ation yields the displacement speed. It is clear fr
Fig. 9a that including the effect of heat release
creases the displacement speed by nearly two and
times (compare the curves marked REBU and EB
for the same values of Re and Da).

The unstrained laminar flame speed and its th
mal thickness will change when the stoichiome
of the unburnt mixture is changed. To understa
the capability of the models to capture this effe
for the case with Re= 22.4 in Fig. 9a we used a
value for unstrained laminar flame speed which
about three times larger than the values used in
other cases and the laminar flame thermal thickn
which is half the value used in the other cases w
u′/so

L
= 1. Although the values ofu′/so

L
andΛ/δo

L
are kept to be the same as in the other two ca
in Fig. 9a, the displacement speed changes when
mixture stoichiometry is changed. This observatio
well known. The difference between the predictio
of EBU1 and REBU models for the flame with Re=
22.4 is similar to the other case shown inFig. 9a. One
should note that the same values of the model c
stants given inTable 2are used.

One can apply the KPP analysis[43] to predict the
turbulent flame speed in the test problem conside
here. According to this analysis the turbulent fla

speed is given byST = 2
√

νt /(ρuScc)(∂ω̇/∂c̃)c̃→0.
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Table 2
Model constants used in RANS calculation

Equation Const. and value

Flow Cµ Sck Scε Cε1 Cε2
0.09 1.0 1.3 1.44 1.92

Scalar Scc Scεc Cm Kc Ae β Cεc Cpc Cpu

1.0 1.3 0.7 0.1 0.9 4.2 0.1 1.0 1.0

Table 3
Characteristics of turbulent flames considered in RANS
culation

Flame u′/so
L

Λ/δo
L

Re Da Ka

F1 1.0 2.8 16 2.9 0.28
F2 1.5 9.6 81 6.4 0.28
F3 3.0 77.1 1300 25.7 0.28
F4 4.5 260.4 6560 57.9 0.28

All the flames listed above are calculated with both EB
and REBU models respectively given by Eqs.(12) and (13).

Thus, one can write

SREBU
T

SEBU1
T

=
[
1+ 3CDc

2CD

(Λ/δo
L
)

(u′/so
L
)

]1/2

using the models EBU1 and REBU described ab
for the mean reaction rate. The turbulence in the c
reactant is taken to be isotropic. For the values gi
in Tables 2 and 3, one gets the above ratio to be 2.4
u′/so

l
= 1. The numerical calculation gives about 2

Foru′/so
l

= 3, a graphical extrapolation of the resu

in Fig. 9b yields SREBU
T

/SEBU1
T

≈ 0.5 whereas the
KPP analysis gives 0.7, withCD = 18.98 in EBU1
model.

Fig. 9b shows the variation of̃c = 0.5 locus with
time in the other, F3 and F4, flames considered
RANS simulation. The two filled squares on t
northeast side of R1 inFig. 7represent these two tu
bulent flames. There are a number of cases inFig. 9b.
The bottom and top parts respectively show the p
dictions of flames F3 and F4. Both the EBU1 a
REBU models are used. The results for the F4 fla
is shifted arbitrarily for a clear presentation. The m
striking feature inFig. 9b is that the turbulent flam
does not show any propagation toward unburnt m
ture when the model EBU1 is used. This is signifi
by the positive slope of the curve marked EBU1. Ev
by changing the value of heat-release parameteτ ,
to four (higher heat release) the EBU1 model is
able to predict flame propagation. This is because
mean reaction rate predicted by the EBU1 mode
small compared to the turbulent convective and
fusive rates in Eq.(18). The reduced mean chemic
rate modifies the flame propagation problem to a s
ple convective–diffusive problem. Thus, the turbule
flame brush is pushed downstream by the turbule
processes leading to flame blowoff.

If one increases the value of the model co
stantCD to about 19 viaCD = [CDc

so
L
/δo

L
+ Aeε̃/

(βk̃)]/(ε̃/k̃) then the propagation of the flame brush
observed as inFig. 9b. This case is marked as (EBU
CD = 18.98) inFig. 9b. However, if the effect of hea
release is included via the REBU model then the pr
agation of the turbulent flame brush is observed w
no changes to model constants as depicted inFig. 9b.
Similar behavior is observed in the flame F4 also. T
flame blowoff, however, seems to be more dramati
the flame F4 because of high turbulent convective
diffusive rates. FromFig. 9, one can clearly see th
importance of the dilatation termT2.

It is also interesting to study the structure of t
flame brush structure predicted by the EBU1 and
REBU models. This is shown inFig. 10 in the form
of spatial variation of̃c which is taken after a stead
propagation is established. The spatial location wh
c̃ = 0.5 is denoted byx∗. To assist proper compar
son, the spatial coordinate is shifted so that the or
is in the middle of the corresponding flame brush. T
shifted spatial coordinate is normalized using the c
responding value of the laminar flame thermal thi
ness. As one can observe inFig. 10, including the
effects of heat release makes the flame brush
This is because of increased mixing rate leading to
increase in the reaction rate. The decrease in the fl
brush thickness is consistent with the variations
served inFigs. 8 and 9. Whenu′/so

L
is increased, the

turbulent flame brush becomes thick as inFig. 10. The
structure of the flame brush predicted by the EB
model for highu′/so

L
is not shown inFig. 10 be-

cause this model is unable to predict a propaga
flame brush with no modification to the model co
stant,CD .

5. Summary and conclusion

Exact transport equations for the instantane
scalar dissipation rate,N , and its Favre mean,̃N , are
derived from the transport equation for the instan
neous progress variable,c. When the turbulent com
bustion is taken to occur in thin flamelets, the co
tribution of the gradient of mean progress variable
Ñ is negligible and the mean scalar dissipation r
ε̃c, represents the dissipation of the progress vari
variance. A transport equation for̃εc is also obtained
This exact equation is closed using models derive
earlier studies, together with the Bray–Moss–Lib
approach, which is used to obtain a closure for
contribution of the dilatation.

An order of magnitude analysis of thẽεc transport
equation identifies the dominant terms when the
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Fig. 10. The structure of turbulent flame brush predicted by EBU1 and REBU models. For large values ofu′/so
L

, EBU1 is unable
to predict a propagating turbulent flame brush and thus it is not shown above.
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bulence Reynolds and Damköhler numbers are la
The scalings used in the order of magnitude an
sis are verified by analyzing DNS data of turbule
premixed flame depicting the characteristics of t
flamelet combustion. The order of magnitude ana
sis shows that the strain, the dissipation, the dila
tion, and the chemical reaction terms are the domin
terms. Using these terms, a simple algebraic clos
for the mean scalar dissipation rate is obtained.
closure model obtained here involves an appropr
chemical time scale as well as a turbulence time s
and retains the coupling between the chemical
diffusive processes in turbulent premixed flames. E
lier models for the mean scalar dissipation rate u
in turbulent premixed flame calculations involve on
a turbulence time scale. If the scalarc is set to be a
nonreactive and nonpropagative scalar then the m
derived here degenerates to the well-known cla
cal model for the mean scalar dissipation rate. T
mean scalar dissipation rate predicted by the mo
obtained here compares well with the DNS data.

The effect of dilatation on the propagation of tu
bulent flame is also studied via RANS calculation
a simple test problem. The test problem considere
a statistically one-dimensional planar turbulent fla
propagating in a frozen turbulence field. RANS si
ulation of this test flame is conducted using a fin
volume method. These calculations show that incl
ing the effect of dilatation increases the displacem
speed by nearly three times whenu′/so

L
= 1. For this

case, the flame brush is found to be thin when
heat-release effects are included in the model for
mean scalar dissipation rate.

For high values ofu′/so
L

, including the effect of
dilatation in the mixing model is crucial for predic
ing the flame propagation. The models for the me
scalar dissipation rate obtained from the analysis
the incompressible flows lead to flame blowoff u
less the model constantCD is changed by an orde
of magnitude.
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Appendix A

The order of magnitude analysis of Eq.(7) is car-
ried out as follows. The spatial derivatives of me
quantities, time derivative, and density are scaled
the turbulence integral length scale,Λ, Λ/u′, andρu,
respectively. The mean velocity and thermal diffus
ity of the mixture are scaled respectively by so
reference velocityUref and the laminar flame scale
(so

L
δo
L

). The quantities involving or multiplied by th
gradient of progress variable are also scaled with l
inar flame quantities. This is because the gradien
the progress variable is nonzero only inside the t
flame. Using these scaling quantities and the de
tion of Re and Da given in Section2.2, one obtains

∂ρε̃c

∂t
	 O

(
ρu

u′so
L

Λδo
L

)
=O

(
ρu

(
so
L

δo
L

)2
;Da−1

)
,

∂ρŨj ε̃c

∂xj
	O

(
ρu

Urefs
o
L

Λδo
L

)
=O

(
ρu

(
so
L

δo

)2
; (Dau′/Uref)

−1
)

,

L
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