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Abstract

A dimensionless mathematical model is proposed to predict the local heat transfer coefficients between vibrated fluidized beds and
immersed horizontal tubes, and the effects of the thickness of gas film and the contact time of particle packets are well considered. Exper-
iments using the glass beads (the average diameter �dp ¼ 1:83 mm) were conducted in a two-dimensional vibrated fluidized bed
(240 mm � 80 mm). The local heat transfer law between vibrated fluidized bed and horizontal tube surface has been investigated. The
results show that the values of theoretical prediction are in good agreement with experimental data, so the model is able to predict
the local heat transfer coefficients between vibrated fluidized beds and immersed horizontal tubes reasonably well, and the error is in
range of ±15%. The results can provide references for future designing and researching on the vibrated fluidized beds with immersed
horizontal tubes.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

There exist high heat transfer rate of fluidized beds and
immersed surface, and little temperature variation across
the bed, and can be obtained higher heat transfer coeffi-
cients compared to a conventional fluidized beds [1]. Due
to these advantages, this technology has been applied com-
mercially in various processes, such as fluidized bed com-
bustor [2], fluidized bed reactor [3], fluidized bed dryer,
[4], etc.

Several models have been proposed for predicting the
local heat transfer coefficients between fluidized beds and
immersed surface. (1) Film model. Dow and Jakob [5] pro-
posed a gas film model. Bed particles were treated as obsta-
cles to reduce resistance by scouring away the film. This
hypothesis is not supported by the experiments results
[6,7]. (2) Packet model. This model first proposed by Mick-
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ley and Fairbanks [8]. It works reasonably in which resi-
dence time of packets is long or the particle diameter is
small [9]. But the error is likely to be significant for short
contact time. Several modifications were made to improve
the packet model, but all the models are restricted in appli-
cation to the particle sizes less than 0.5 mm [10]. (3) Particle
model. This model was based on unsteady conduction to
the particles and the heat transfers from distinct particles
rather than particle packets [11]. This type of model
includes the single-particle model, two-particle model,
four-particle model, etc., [12]. Particle model must be
brought in gas film between the surface and the first row
of particles to obtain good data fitness. Heat transfer in flu-
idized beds with horizontal tubes has been experimentally
investigated by many researchers [13,14]. Many empirical
correlations for predicting the local heat transfer coeffi-
cients were established from experimental results [15].
While their models and experiments did not consider the
vibration, and a large amount of experimental data were
obtained with small particle diameter (�dp < 1 mm). There
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Nomenclature

a,b,c coefficient of Eq. (15), dimensionless
Ar Archimedes number (=d3

pqfðqs � qfÞg=l2
f ),

dimensionless
Ai local heat transfer area, m2

Bi Biot number, dimensionless
cp heat capacity, J kg�1 K�1

dp particle diameter, mm
Db bubble diameter, mm
Dt tube diameter, mm
f vibration frequency, Hz
f0 fraction of bubble, dimensionless
Fo Fourier number, dimensionless
H0 height of the bed, mm
hgc particle convective heat transfer coefficient,

W m�2 K�1

hi local heat transfer coefficient, W m�2 K�1

k thermal conductivity, W m�1 K�1

N fluidization number, (N = u/umf)
Pr Prandtl number, dimensionless
Re Reynolds number, dimensionless
t time, s
Tb bed temperature, �C
Tb0 bed temperature at x = 0, �C

Tb1 bed temperature at x = infinity, �C
Tw temperature of the tube surface, �C
u gas velocity, m s�1

x coordinate
v direction of vibration

Greek symbols

a thermal diffusivity, m2 s�1

e0 bed void fraction, m3 m�3

C vibration strength (=A(2pf)2/g), dimensionless
lf gas viscosity, Pa s
q density, kg m�3

qb accumulate density, kg m�3

h angular position on the tube surface, degree

Subscripts

e particle-packet
g gas
p particle
mf critical fluidization state with conventional fluid-

ized bed
mfv critical fluidization state with vibrated fluidized

bed
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were relatively fewer studies for the local heat transfer coef-
ficients of large particles between vibrated fluidized bed
and immersed horizontal tubes. The hydrodynamic behav-
ior of small particles can be different from those of large
particles, and the correlations obtained from small particles
can not be used to large particles. The gas convective can
be ignored for small particles, but becomes important when
the particle diameter is larger than 1 mm [16]. The mechan-
ical vibration imposed on fluidized beds can significantly
improve the gas–solid contact and the fluidization behav-
ior, strengthen the heat and mass transfer, and break the
bubbles more efficiently [17], and can also be decreased
the critical fluidization velocity [18], affect the gas film
thickness around the tube surface.

It is important to understand the heat transfer mecha-
nism to predict the local heat transfer coefficients between
vibrated fluidized beds and horizontal tubes precisely. In
this study, the dimensionless model of local heat transfer
coefficients is proposed based on the packet renewal the-
ory. The predictive and experimental values are well consis-
tent with each other.
dx

Gas film

Tube Particle-packet

The main region

v

Fig. 1. Heat transfer model between particle packets and tube surface in
the vibrated fluidized bed.
2. The local heat transfer model

2.1. The particle convection heat transfer model

Fig. 1 shows the heat transfer physical model between
particle packets and tube surface in vibrated fluidized
bed. Considering a micro-elemental volume of the particle
packets, the assumptions are as following based on our pre-
vious study [17]

(1) Around the tube surface, there exists a thin gas film,
and the thickness of gas film dependents on the vibra-
tion, the particle diameter and the local position on
the tube surface. Unsteady state heat conduction
through the gas film on the tube surface at first,
and then heat transfer by unsteady state conduction
from the gas film to the particle packets.

(2) The main factor affecting the contact time of particle
packets is the vibration frequency. The gap width
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induced by vibration is included in the gas film
thickness.

(3) The particle packets have the properties of the bed at
critical fluidization.

(4) The temperature of the particle packets far from the
tube surface remains unchanged at Tb1 during con-
tacting heat transfer between the particle packets
and the tube surface.

Based on the Fourier Law and the energy balance, the
one-dimensional unsteady state conduction equation is

oT b

ot ¼ a o2T b

ox2

t ¼ 0; T b ¼ T1
x ¼ 0;�k oT b

ox

� �
x¼0
¼ kg

d T w � T b0ð Þ
x! Dt; T b ¼ T1

8>>>><
>>>>:

ð1Þ

The dimensionless variables are defined as

X � ¼ x
Dt

¼ dimensionless coordinate ð2Þ

T �b ¼
T b � T1
T w � T1

¼ dimensionless temperature ð3Þ

Bi ¼ hDt

ke

¼ kgDt

ked
¼ Biot number ð4Þ

t� ¼ ate

D2
t

¼ kete

qecpeD2
t

¼ dimensionless time or Fo number ð5Þ

So Eq. (1) can be expressed by the following dimensionless
form:

oT �
b

ot� ¼
oT 2�

b

ox�2

t� ¼ 0; T �b ¼ 0

X � ¼ 0;
oT �

b

oX � þ Bi � T �b ¼ 0

X � ¼ 1; T �b ¼ 0

8>>>><
>>>>:

ð6Þ

The solution of Eq. (6) is

T �b ¼ erf
X �

2Fo1=2
þ exp½Bi � X � þ Bi2 � Fo�

� erfc
X �

2Fo
þ Bi � Fo1=2

� �
ð7Þ

The heat flux, q, is given by

q ¼ hiðT w � T b1Þ ð8Þ

The heat flux depended on unsteady state conduction
through a gas film is given by

q ¼ kg

d
ðT w � T b0Þ ð9Þ

Equating the two equations for the heat flux, and

hi ¼
kg

d
ðT w � T b0Þ
ðT w � T b1Þ

¼ kg

d
� T �bjX �¼0 ð10Þ

So the instantaneous heat transfer coefficient can be exp-
ressed by
hi ¼
kg

d
expðBi2 � FoÞ � erfcðBi � Fo1=2Þ ð11Þ

The time average heat transfer coefficient can be obtained
through integrated Eq. (11)

hpc ¼
R Fo

0

kg

d expðBi2 � FoÞ � erfcðBi � Fo1=2ÞdFoR Fo
0

dFo
ð12Þ

The mathematical model of the local particle convection
heat transfer coefficients is as follow

hpc ¼
kg

d

(
1

Bi2 � Fo
½erfcðBi � Fo1=2Þ � expðBi2 � FoÞ � 1�

þ 2

Bi � ðpFoÞ1=2

)
ð13Þ

Eq. (13) is the dimensionless mathematical model of the lo-
cal heat transfer coefficients between the vibrated fluidized
beds and horizontal tubes. The two dimensionless variables
can be obtained as follows:

(1) Biot number
Bi ¼ hDt

ke

¼ kg=d
ke=Dt

ð14Þ

The physical meaning of Bi is contradistinctive ther-
mal resistance. The two key parameters to be deter-
mined are the gas film thickness (d) and the effective
thermal conductivity (ke).
(i) The gas film thickness, d. The gas film thickness

is very important parameter to affect the local
heat transfer. The mechanical vibration
imposed on fluidized bed can form crescent-
gaps on the tube surface. So for the vibrated flu-
idized beds, the main influence factors on the
gas film thickness include vibration, particle
diameter and circumferential position of the
tube surface. The thickness of the gas film can
be calculated by
d ¼ dp

a
Cbð1þ j cos hjÞc ð15Þ

where the coefficients a, b and c in the equation
above are shown in Table 1.
(ii) The effective thermal conductivity of the parti-
cle packets, ke.
The effective thermal conductivity of the particle packets
can be calculated as follow [19]

ke ¼ k0
e þ 0:1dpumfqgcpg ð16Þ

Here umf is the critical fluidization velocity of the vibrated
fluidized beds, it can be substitutes by umfv, and can be cal-
culated by following equation [18]

umfv

umf

¼ 1� 0:04043Ar0:1235 H 0

D

� ��0:5613

C0:3653 ð17Þ



Table 1
Coefficients of gas film thickness model

h 6 90�, C < 1 h 6 90�, C P 1 h > 90�, C < 1 h > 90�, C P 1

a 8.0 5.55 6.45 6.45
b �0.3068 0.1646 �0.1252 0.1528
c 0.3576 0.1732 0.6292 0.7891
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(2) Fo number

The dimensionless number Fo can be calculated by the
following equation:

Fo ¼ t� ¼ ate

D2
t

¼ te

D2
t =a

ð18Þ

Fo has the physical meaning of contradistinctive time. For
the vibrated fluidized beds, the renewal frequency of parti-
cle packets on the tube surface is approximately equal to
the vibration frequency. The particle surface contact time
could be calculated by the following equation [20].

te ¼
1

f
1� 1

p

� �
ð19Þ

So Eq. (18) could be rewritten as

Fo ¼ t� ¼ kete

qecpeD2
t

¼ 1

f
ke

qecpeD2
t

1� 1

p

� �
ð20Þ
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Fig. 2. Schematic sketch of the experimental system: 1, blower; 2, control
valve; 3, orifice flow meter; 4, vent valve; 5, gas enter valve; 6, vibration
electrometer; 7, spring; 8, digital thermometer; 9, pressure measure 10,
fluidized bed; 11, temperature measure; 12, horizontal tube; 13, wattmeter;
14, manostat; 15, voltage regulator.
2.2. The gas convection heat transfer model

Baskakov and Suprun [21] predicted the gas convection
heat transfer coefficients on immersed surface in a fluidized
bed as

hgc ¼
kg

dp

0:0175Ar0:46Pr0:33 u
umf

� �0:3

ð21Þ

The radiation’s contribution to the heat transfer coeffi-
cients is considered important for the bed in which the tem-
perature is higher than 800 �C, but can be neglected in the
present studies since the experiment conditions are at low
temperatures. So the total local heat transfer coefficients
can be expressed by

h ¼ ð1� f0Þðhpc þ hgcÞ þ f0hg ð22Þ

Hence

hgc ¼
h� hpc þ f0ðhpc � hgÞ

ð1� f0Þ
ð23Þ

For large particles, hg = hgc, so

hgc ¼ h� ð1� f0Þhpc ð24Þ

For the two-phase flow theory [22], the gas flow rate above
that of the critical fluidization velocity goes into the bubble
phase. So the bubble volume fraction can be calculated by
the following equation.

ubf0 ¼ u� umf ð25Þ
The average bubble velocity was given by Davidson and
Harrison [22]

ub ¼ u� umf þ 0:71
ffiffiffiffiffiffiffiffi
gDb

p
ð26Þ

In our study, the following correlation can predict the gas
convection heat transfer coefficient:

hgc ¼ 0:01172
kg

dp

Ar0:4850 u
umfv

� �0:6235

ð27Þ

Here umfv is the critical fluidization velocity of the vibrated
fluidized beds, and it can be obtained from Eq. (17).
3. The experiment apparatus and procedure

The schematic sketch of the experimental system is illus-
trated in Fig. 2. The two-dimensional fluidized bed with the
cross-section of 240 mm � 80 mm and the height of
600 mm was made from Plexiglas plate to permit visual
observation of the fluidization behavior. The gas distribu-
tor was a perforated metallic plate with the pore size of
2 mm and the opening fraction of 5%. A stainless steel
screen with the mesh size of 0.15 mm was placed above
on the distributor to gain more homogeneous distribution
of the gas flow. The body of bed, supported by four
springs, was vibrated in the vertical direction by means of
an eccentric mechanism. The amplitude was adjusted by
the variable eccentricity of the system and the frequency
was controlled by means of a variable speed motor. The
rate of fluidizing gas from a blower was measured by an
orifice flow meter.

Fig. 3 shows the tube used for the experiments in this
work to measure the local heat transfer coefficients. The
tube, 25 mm in diameter and 80 mm in length, was made
from Teflon cylinder imbedded with a small copper bar
of 10 mm � 9 mm cross-section and 36 mm in length. The
heater is 36 mm in length and 4 mm in diameter, and it
was inserted into the hole drilled in the copper bar. The
heater was centrally positioned in the copper bar. The tube
was rigidly and horizontally assembled in the mid-plane of
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Fig. 3. The tube used for measuring the local heat transfer coefficients.
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Fig. 5. Comparison of predictions with experimental measurement of the
local heat transfer coefficients (Dt = 25 mm, f = 11.17 Hz, N = 1,
H0 = 95 mm).
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the bed, and its axial center being located 60 mm above the
gas distributor. A copper–constantan thermocouple was
welded at the center surface of the tube to measure temper-
ature of the surface.

The temperatures of the bed and those of the tube sur-
face were monitored with a digital thermometer. The
power inputted to the heater was adjusted by a voltage reg-
ulator and measured with a wattmeter.

The bed vibrated under certain amplitude and fre-
quency, and the power into the heater and the gas velocity
were switched on. The experiment continued until the tem-
perature of the tube surface reached a constant value. The
local heat transfer coefficients is determined from the fol-
lowing relation

hi ¼
Q

AiðT w � T bÞ
ð28Þ

Here hi is the local heat transfer coefficient, W m�2 K�1. Q

is the power inputted to the heater, J s�1. Ai is the local
area of the test tube, m2. Tw and Tb are the temperatures
of the tube surface and the bed, respectively, �C.
120
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240100
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Fig. 6. Comparison of predictions with experimental measurement of the
local heat transfer coefficients (Dt = 25 mm, f = 15.83 Hz, N = 1,
H0 = 95 mm).
4. Results and discussion

4.1. Comparison of predictions with experimental data
(Dt = 25 mm, H0 = 95 mm)

Figs. 4–9 show the comparison of the variation between
the model predictions and the experimental data with the
average particle diameter (�dp ¼ 1:83 mm) under a certain
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Fig. 4. Comparison of predictions with experimental measurement of the
local heat transfer coefficients (Dt = 25 mm, f = 6.67 Hz, N = 1,
H0 = 95 mm).
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Fig. 7. Comparison of predictions with experimental measurement of the
local heat transfer coefficients (Dt = 25 mm, f = 6.67 Hz, N = 1.4,
H0 = 95 mm).
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Fig. 8. Comparison of predictions with experimental measurement of the
local heat transfer coefficients (Dt = 25 mm, f = 11.17 Hz, N = 1.4,
H0 = 95 mm).
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Fig. 9. Comparison of predictions with experimental measurement of the
local heat transfer coefficients (Dt = 25 mm, f = 15.83 Hz, N = 1.4,
H0 = 95 mm).
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Fig. 10. Comparison of predictions with experimental measurement of the
local heat transfer coefficients (Dt = 32 mm, f = 11.17 Hz, N = 1,
H0 = 95 mm).
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vibration frequency and gas velocity. General agreements
are found between the calculated values and the experimen-
tal data all around the tube. It is seen that the both show
excellent agreement at N = 1 and all vibration frequency,
the predicted values tend to be lower than experimental
values measured on the leeward side of the tube at higher
gas velocity (N = 1.4). Figs. 4–9 also tell that the local heat
transfer coefficients on the leeward side of the tube were
higher than the values on the windward side. It is due to
the differences of the hydrodynamic behavior of the parti-
cles on the surface of the horizontal tube, and the parti-
cle-free gaps on the windward side of the tube can be
observed.
150
180

210

150

200

Fig. 11. Comparison of prediction with experimental measurement of the
local heat transfer coefficients (Dt = 25 mm, f = 11.17 Hz, N = 1,
H0 = 130 mm).
4.2. Comparison of predictions with experimental data at

Dt = 32 mm

Fig. 10 shows the comparison of the variation between
the model predictions and the experimental data
(Dt = 32 mm) at the same vibration frequency (f =
11.17 Hz) and fluidization number (N = 1). It is seen that
the predicted values tend to be lower than experimental
values measured. It may be due to the fact that the model
in this study does not consider the influence of the tube
diameter on the local heat transfer coefficients. The hydro-
dynamic behavior of the particles on different horizontal
tubes is difference. So there are some differences in the dis-
tribution of the local heat transfer coefficients between hor-
izontal tubes with different diameter.

4.3. Comparison of predictions with experimental data at

H0 = 130 mm

Fig. 11 shows the comparison of the variation between
the model predictions and the experimental data with static
bed height (H0 = 130 mm) under vibration frequency
(f = 11.17 Hz) and fluidization number (N = 1). It is seen
that the predicted values are little lower than experimental
measured values. It may be due to the fact that the model
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of this study only considered that the local heat transfer
coefficients decrease while the bed height increasing, that
is, the vibration is dissipated along with the bed height,
and the higher the bed height is, the weaker heat transfer
influenced by the vibration. At the same time the fluidiza-
tion quality is worse as the bed height increase. The influ-
ence of bed height on the local heat transfer coefficients
from the literature is conflict. But from our experimental
data, the influence of bed height on the local heat transfer
coefficients is different on the circumferential position of
the tube surface. There are certain differences between the
prediction values and the experimental measures, and the
position of the maximum error is 60�, but the error is gen-
erally less than 10%. So the model is able to predict the
local heat transfer coefficients with different bed height.

4.4. Comparison with other’s published data

The comparison between the predicted values from the
correlations proposed by this study and Al-Busoul’s [13]
with the experimental values is shown in Fig. 12. Al-
Busoul’s curve was obtained by their model under the same
conditions of our study except f = 0. There is great differ-
ence in the distribution of the local heat transfer coeffi-
cients between our results and Al-Busoul’s. The model of
Al-Busoul’s is mainly fit for small particles. In this study
the existence of vibrating can break the bubbles more effi-
ciently, and enhance the contact of the gas and the parti-
cles, so the distribution of the local heat transfer
coefficients is more homogeneous. The model of this study
seems better to predict local heat transfer coefficients
between vibrated fluidized beds and immersed horizontal
tubes with large particles.

4.5. Error analysis

The comparison between the predicted local heat trans-
fer coefficients from the correlations proposed by this study
and the experimental values is shown in Fig. 13 (130 data
points). It is seen that the model is able to predict the var-
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Fig. 12. Comparison of predictions and experimental measurement of the
local heat transfer coefficients in this study with Al-Busoul’s.
iation of the local heat transfer coefficients at circumferen-
tial position reasonably well, and the maximum error does
not exceed 15%, the root-mean-square deviations of the
predicted local heat transfer coefficients and the experimen-
tal values is 5.64%. Thus the model proposed by this study
can be used to predict the local heat transfer coefficients for
horizontal tube immersed in vibrated fluidized beds with
large particles (�dp > 1 mm).

5. Conclusions

In this study a mathematical model and the experimen-
tal data of the local heat transfer coefficients between
vibrated fluidized beds and immersed horizontal tubes have
been presented. Based on this study, the following conclu-
sions can be drawn:

(1) A dimensionless mathematical model including the
particle convection heat transfer coefficients model
and the gas convection heat transfer coefficients
model are proposed to predict the local heat transfer
coefficients between the vibrated fluidized beds and
immersed horizontal tubes.

(2) The renewal frequency of particle packets on the tube
surface is equal to the vibration frequency. The gas
film thickness around the tube surface depends on
the vibration, the particle diameter and the local posi-
tion on the tube surface. The empirical correlation is
developed to calculate the gas film thickness, and the
correlation can predict the gas film thickness well.

(3) The local heat transfer coefficients between the
vibrated fluidized beds and tube surface are different
from conventional fluidized bed. The values on the lee-
ward side of the tube are higher than the windward side.

(4) The values of theoretical prediction are in good
agreement with the experimental data, so the model
is able to predict the local heat transfer coefficients
between vibrated fluidized beds and immersed hori-
zontal tubes reasonably well.
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