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Abstract

The propagation speeds of linear waves in gas–solid suspensions depend strongly on the solids volume fraction and the
wave frequency. The latter is due to gas–solid momentum transfer and allows a simple test on filtered gas–solid momentum
transfer models. Such models may predict linear wave propagation speeds different from those obtained with the non-
filtered model at wave frequencies higher than the filter frequency, but not at wave frequencies lower than the filter frequency.

For the filtered drag, an effective drag coefficient approach is shown to alter the linear wave propagation speeds in the
entire wave frequency range, independent of the applied effective drag coefficient. Furthermore, as the effective drag coef-
ficient decreases, the high frequency linear wave propagation speeds are gradually introduced at lower wave frequencies.
For the filtered momentum transfer due to the correlation between the solids volume fraction and the gas phase pressure
gradient, the behavior of an apparent added mass closure model and an apparent history force closure model are inves-
tigated. An apparent added mass introduces the filter frequency linear wave propagation speeds to frequencies higher than
the filter frequency. The linear wave propagation speeds for wave frequencies lower than the filter frequency are, however,
not altered. Furthermore, an apparent added mass introduces no intrinsic wave frequency dependence in the linear wave
propagation speeds, in agreement with its source term in the non-filtered model. Hence, the frequency dependence of the
linear wave propagation speeds at frequencies lower than the filter frequency is still to be provided by a drag type term. As
such, the behavior introduced by an apparent added mass is acceptable for filtered models. Also, to a certain extent, an
apparent added mass can restore the linear wave propagation speed behavior at wave frequencies lower than the filter fre-
quency altered by an effective drag coefficient approach. The reformulation of the apparent added mass in terms of an
apparent distribution of the filtered gas phase pressure gradient over the phases and an apparent (effective) drag force
is investigated. An apparent history force introduces intrinsic wave frequency dependence in the linear wave propagation
speeds and alters the latter from the low wave frequencies on. As such, the behavior introduced by an apparent history
force is unacceptable for filtered models.
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1. Introduction

Eulerian–Eulerian gas–solid flow models describe the gas phase and the solid phase as entirely mixed con-
tinua (Anderson and Jackson, 1967). The non-filtered set of partial differential transport equations with source
terms covers phenomena over the entire spatial and angular wave frequency range x but cannot be integrated
analytically. A numerical solution of a set of discretized algebraic equations on a spatial and temporal mesh is
possible but requires very small and computationally not tractable mesh sizes. To reduce the computational
cost, finite size spatial and temporal meshes are used (often macro-scale), introducing a certain filter frequency
xf (Pope, 2000). The latter can be spatially or temporally determined. Phenomena of a frequency x higher
than the filter frequency xf, so-called sub-grid-scale phenomena, are not explicitly calculated and filtered
out by the mesh. Phenomena with a frequency x lower than the filter frequency xf are, on the other hand,
explicitly calculated. To account for the effects of the sub-grid-scale phenomena, filtered models have to be
used (Pope, 2000). Filtered models introduce their own filter frequency xf. In general, the filter frequency
xf is defined as the frequency up to which phenomena can be explicitly and accurately calculated, that is as
with a non-filtered approach.

As a result of filtering, extra, correlation terms appear in filtered models (Pope, 2000; Zhang and
VanderHeyden, 2002). These correlation terms describe the sub-grid-scale phenomena and create a closure
problem, that is they have to be modeled in terms of the filtered variables. Via the closure model approach,
phenomena should be described the way they appear (that is, in an apparent way), so to say from a distance.
The closure model parameters have to be quantified or modeled based on the underlying physics.

For single phase flows, many different approaches to solve the closure problem have been developed (Pope,
2000). For gas–solid flows, on the other hand, and for multi-phase flows in general, the solution of the closure
problem is in the early stage of development (Agrawal et al., 2001; Zhang and VanderHeyden, 2002; Heynd-
erickx et al., 2004; Andrews et al., 2005). Only a few research groups have proposed closure models for some
of the correlation terms appearing in filtered gas–solid flow models (Zhang and VanderHeyden, 2002; Yang
et al., 2003; Heynderickx et al., 2004; Andrews et al., 2005). Because gas–solid momentum transfer plays a
crucial role in the behavior of gas–solid flows, the focus has been on the filtered gas–solid momentum transfer
terms so far.

Gas–solid flows exhibit an interesting behavior with respect to wave frequency dependence. The linear wave
propagation speeds in gas–solid mixtures, and in particular the so-called mixture speed of sound cm which dic-
tates the propagation of gas phase pressure waves in gas–solid mixtures and which is derived from the linear
wave propagation speeds, strongly depend on the solids volume fraction and, more importantly for the present
investigation, on the wave frequency (Atkinson and Kytömaa, 1992; Gregor and Rumpf, 1975, 1976). The
complex linear wave propagation speed behavior in gas–solid mixtures is a result of gas–solid momentum
transfer. In practical gas–solid flows, a broad range of wave frequencies and solids volume fractions occur.
The remarkable difference between the single gas phase speed of sound (cg, of the order of 330 m/s) and
the mixture speed of sound (cm, down to the order of 10 m/s) on the one hand, and the wave frequency
and solids volume fraction dependence of the mixture speed of sound on the other hand, are at the origin
of physical and computational complex behavior of gas–solid flows. For example, the extension of precondi-
tioning techniques and certain discretization schemes from single phase flows to gas–solid flows is not straight-
forward (De Wilde et al., 2002, 2005a,c).

A linear wave propagation analysis was shown to be a powerful tool in evaluating multiphase flow models
(Boure, 1997a,b). One of the early successes of the non-filtered Eulerian–Eulerian gas–solid flow model was its
capability of describing the complex linear wave propagation speed behavior over the entire solids volume
fraction and wave frequency ranges (Gregor and Rumpf, 1975, 1976). The gas–solid drag was found to play
a crucial role in the calculated linear wave propagation speed behavior of gas–solid flows. The wave frequency
dependence of the linear wave propagation speeds in gas–solid mixtures then suggests an interesting necessary
test for filtered gas–solid flow models. Such models should still describe correctly the linear wave propagation
speeds for wave frequencies lower than the filter frequency, but not necessarily for wave frequencies higher
than the filter frequency. It is the purpose of this paper to investigate the linear wave propagation speed behav-
ior obtained with some filtered gas–solid flow/momentum transfer models presented in the literature and to
demonstrate the information that can be obtained from a linear wave propagation speed test. Particular
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attention is paid to the wave frequency range influenced by the filtered model closures for gas–solid momen-
tum transfer.
2. Modeling

2.1. Non-filtered model

The basic non-filtered Eulerian–Eulerian model equations describe the conservation of mass and momen-
tum for each phase (Anderson and Jackson, 1967):
Mass conservation solid phase.
o

ot
ðesqsÞ þ

o

or
� ðesqsvÞ ¼ 0 ð1Þ
Mass conservation gas phase.
o

ot
ðegqgÞ þ

o
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� ðegqguÞ ¼ 0 ð2Þ
Momentum conservation solid phase.
o

ot
ðesqsvÞ þ
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Momentum conservation gas phase.
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in which es and eg are respectively the solid phase and the gas phase volume fraction. Bold and bold italic char-
acter types are used for vectors and tensors, respectively.

Analogous to the gas phase pressure P and the gas phase shear stress sg, a solid phase pressure Ps and solid
phase shear stress ss are introduced (Eqs. (3) and (4)). The latter can be calculated via empirical correlations or
via the Kinetic Theory of Granular Flow (KTGF) (Jenkins and Savage, 1983; Gidaspow, 1994), requiring the
integration of an additional granular temperature transport equation.

The last two (source) terms in Eqs. (3) and (5) describe the gas–solid momentum transfer. The latter
consists of the solids volume fraction of the gas phase pressure gradient �es

oP
or

and of the drag force
b(u � v), corresponding to model A as defined by Gidaspow (1994). Most commonly, the Ergun equation
(Ergun, 1952) and the equation of Wen and Yu (1966) are used for the calculation of the drag coefficient
b. For the constitutive equations, reference is made to De Wilde et al. (2002). Due to the large density differ-
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ence between gas and solids, other interphase forces, as for example the added mass and Basset history forces,
are usually neglected in the non-filtered gas–solid flow model.

2.2. Filtered models

Starting from the non-filtered model (Eqs. (1)–(6)), a filtered model is obtained by formally Reynolds–
Favre-like-averaging (Pope, 2000; Zhang and VanderHeyden, 2002). For the solids volume fraction es and
the gas phase pressure P, Reynolds-averaging h i is applied. Assuming a statistical steady state over a time
period Dtf used for averaging i.e. the inverse of the filter frequency xf, the filtered solids volume fraction hesi
and the filtered gas phase pressure hPi are defined as
hesi ¼
1

Dtf

Z tþDtf

t
esðtÞdt ð7Þ
respectively
hPi ¼ 1

Dtf

Z tþDtf

t
P ðtÞdt ð8Þ
An instantaneous value can be written in terms of its Reynolds-averaged value and a fluctuation:
es ¼ hesi þ e0s ð9Þ
P ¼ hP i þ P 0 ð10Þ
It can be shown that
he0si ¼ 0 and hP 0i ¼ 0 ð11Þ

For variables /, other than the gas phase pressure and the solids volume fraction, Favre-like-averaging { } is
applied using respectively the solids volume fraction for the solid phase variables and the gas phase volume
fraction for the gas phase variables. For example, for a solid phase variable /:
f/g ¼
1

Dtf

R tþDtf

t esðtÞ/ðtÞdt
1

Dtf

R tþDtf

t esðtÞdt
¼ hes/i
hesi

ð12Þ
An instantaneous value can be written in terms of its Favre-like-averaged value and a fluctuation:
/ ¼ f/g þ /0 ð13Þ

In this case:
f/0g 6¼ 0 ð14Þ

Neglecting sub-grid-scale fluctuations in the gas phase density q0g and introducing Eqs. (9), (10) and (13) in
Eqs. (1)–(3) and (5), the following filtered gas–solid flow model is obtained:
Filtered mass conservation solid phase:
o

ot
ðhesiqsÞ þ

o

or
� ðhesiqsfvgÞ ¼ 0 ð15Þ
Filtered mass conservation gas phase:
o

ot
ðhegiqgÞ þ

o

or
� ðhegiqgfugÞ ¼ 0 ð16Þ
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Filtered momentum conservation solid phase: � �

o

ot
ðhesiqsfvgÞ þ

o

or
� ðhesiqsfvgfvgÞ ¼ �

o

or
hP si �

o

or
� ðhesif~ssgÞ þ hesiqsg� es

oP
or
þ hbðu� vÞi ð17Þ
Filtered momentum conservation gas phase:
o

ot
ðhegiqgfugÞ þ

o

or
� ðhegiqgfugfugÞ ¼ �

ohP i
or
� o

or
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� �
� hbðu� vÞi ð18Þ
Currently, no reliable closure models are available for the convection related correlation terms in the filtered
gas/solid momentum equations (involving hu0u0i; hv0v0i; he0gu0i; he0sv0i; . . . -type correlations). These terms are,
however, of minor importance for the present work. Commonly, they are incorporated in the viscous shear
terms (Eqs. (17) and (18)). In what follows, the focus is on the closure models for the filtered gas–solid momen-
tum transfer terms, the last two terms on the right hand side of Eqs. (17) and (18). The filtered gas–solid
momentum transfer term hes

oP
or
i can be easily decomposed, introducing the correlation between the solids vol-

ume fraction and the gas phase pressure gradient he0s oP 0

or
i:
es

oP
or

� �
¼ hesi

oP
or

� �
þ e0s

oP 0

or

� �
ð19Þ
2.2.1. Closure models for the filtered drag force

Recent studies by Agrawal et al. (2001) and Zhang and VanderHeyden (2002) have shown a significant
reduction of the drag coefficient by the presence of solid phase mesoscale structures (clusters). To account
for the latter in coarse mesh simulations in which the solid phase mesoscale structures are filtered out, Yang
et al. (2003), Heynderickx et al. (2004) and Andrews et al. (2005) have introduced a filtered or effective drag
coefficient be, closing the filtered drag force:
hbðu� vÞi ¼ beðfug � fvgÞ ð20Þ
The filter frequency is not explicitly accounted for in the effective drag coefficient formulations derived by
Yang et al. (2003) and Heynderickx et al. (2004). Andrews et al. (2005) investigated both the time-averaged
be approach (Eq. (20)) and a stochastic correction. Both the formulations of Yang et al. (2003) and Heynd-
erickx et al. (2004) predict a reduction of the drag coefficient by a factor 1.5–4, depending on the filtered solids
volume fraction, in agreement with the reduction calculated from dynamic mesoscale simulations on a peri-
odic 2 · 8 cm2 domain by Agrawal et al. (2001). With respect to the latter simulations, it should, however,
be remarked that the ratio of the domain size used for averaging or filtering and the mesh size is only 32,
i.e. only a limited amount of effects is filtered out. Hence, it is possible that for lower filter frequencies xf,
e.g. in case of steady-state simulations, as more effects are filtered out, the value of the effective drag coefficient
is further reduced. The latter is in particular the case if the apparent or generalized added mass (Zhang and
VanderHeyden, 2002; De Wilde, 2005b) becomes large, which is possible at low filter frequencies xf. This is
discussed further in this paper.

In the present work, the effective drag coefficient formulation of Heynderickx et al. (2004) and the drag
coefficient of Wen and Yu (1966) reduced with a constant factor, are used to investigate the effect of a
reduced drag coefficient approach on the linear wave propagation speed behavior of filtered gas–solid flow
models.
2.2.2. Closure models for the correlation between the solids volume fraction and the gas phase pressure gradient

Zhang and VanderHeyden (2002) were the first to study the correlation between the solids volume fraction
and the gas phase pressure gradient e0s

oP 0

or

� �
(Eq. (19)) and found it to be surprisingly important. These authors

propose to model e0s
oP 0

or

� �
via a generalized or apparent added mass term:
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e0s
oP 0

or

� �
¼ Cahqmi

ofvg
ot
þ fvg � ofvg

or
� ofug

ot
� fug � ofug

or

� �
ð21Þ
which scales with the volume fraction based mixture density qm and the apparent added mass coefficient Ca for
which a formulation as a function of the filter frequency xf is yet to be derived. As the filter frequency xf goes
to infinity (towards non-filtered), the correlation terms and, hence, the apparent added mass (coefficient) must
vanish. De Wilde (2005b) showed that an apparent added mass contribution from e0s

oP 0

or

� �
is partially direct and

partially indirect and that the direct contribution scales according to the mean square of the solids volume
fraction fluctuations he0se0si. Furthermore, the direct contribution to the apparent added mass was shown to
account for about 90% of e0s

oP 0

or

� �
. According to Zhang and VanderHeyden (2002) and De Wilde (2005b),

Ca can be much larger than one, resulting in an apparent added mass that is much larger than the well-known
added mass (Crowe et al., 1997; Ranade, 2002).

De Wilde (2005b) showed that the introduction of an apparent added mass amounts to a redistribution of
the filtered gas phase pressure gradient over the phases. This makes the apparent added mass more compre-
hensible. The presence of the drag force was, however, neglected in the analysis. A more complete reformu-
lation and interpretation of the apparent added mass will be discussed further in this paper.

To illustrate the linear wave propagation speed test, an apparent (or generalized) history force closure
model approach for the correlation between the solids volume fraction and the gas phase pressure gradient
e0s

oP 0

or

� �
is investigated as well:
e0s
oP 0

or

� �
¼ Chhqmi

Z t

0

ofvg
ot0 þ fvg �

ofvg
or
� ofug

ot0 � fug �
ofug
orffiffiffiffiffiffiffiffiffiffi

t � t0
p dt0 ð22Þ
with Ch the apparent history force coefficient.
With respect to the apparent history force, it should be stressed that there is no evidence so far for its

appearance or importance. In this early stage of the development of filtered gas–solid flow models, however,
it is unclear what type of description is to be used to describe gas–solid momentum transfer in a filtered way.
Nevertheless, it should be emphasized that it is not the aim of the present paper to develop or propose new
closures for the filtered gas–solid momentum transfer, but to present and illustrate a test for such closures.
Hence, in what follows, the apparent history force is mainly investigated to illustrate this test.

Remark that in the well-known Basset history force (Basset, 1961; Mei, 1993), the integral over time is
premultiplied with the square root of the gas phase density. It is, however, assumed that the apparent history
force (Eq. (22)) scales with the mixture density, analogous to the apparent added mass (Eq. (21)). Further-
more, the kernel in Eq. (22) has been originally derived for spherical, non-deformable objects at low Reynolds
numbers and for small time scales. For non-spherical or deformable objects, as for example solids clusters, the
kernel is in fact not as simple. Also, for larger time scales, the relation with the inverse square root of the time
in Eq. (22) can be questioned.

Nevertheless, a possible way to picture the apparent history force is in analogy to the Basset history force,
i.e. resulting from the gas–solids mixture wakes behind solids clusters. The viscosity in a gas–solids wake is
expected to be several orders of magnitude higher than the single gas phase viscosity, which could justify
the appearance of an apparent history force. As such, the apparent history force coefficient Ch could depend
on the inverse of the square root of the time scale of the solids clusters. If the time scale of the solids clusters
goes to infinity, the solids structures are not filtered out and Ch goes to zero as it should.

As the filter frequency xf decreases, the correlation between the solids volume fraction and the gas phase
pressure gradient e0s

oP 0

or

� �
grows in importance and the value of the apparent added mass coefficient Ca (Eq.

(21)) or the apparent history force coefficient Ch (Eq. (22)) is expected to increase.

3. Analysis of the linear wave propagation speeds

To correctly calculate gas–solid flows, it is important that the linear wave propagation speeds obtained
from the gas–solid flow model correspond to the physically observed linear wave propagation speeds.

A linear wave propagation speed analysis is performed on the one-dimensional solid phase and gas phase
mass and momentum conservation equations and assuming a uniform steady-state flow field. Remark that
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viscous terms, neglected in a 1D analysis, hardly alter the linear wave propagation speeds of the gas–solid flow
system, in contrast to source terms (Arai, 1980; Ransom and Hicks, 1984; Stewart and Wendroff, 1984; Prosp-
eretti and Jones, 1987; Ransom and Hicks, 1988). This justifies the use of an inviscid model for the determi-
nation of the linear wave propagation speeds.

3.1. Non-filtered model

The set of partial differential equations, Eqs. (1)–(3) and (5), expressing the conservation of mass and
momentum for each phase, is written in matrix formulation:
oQ

ot
þ oF

ox
¼ K ð23Þ
where Q is the (4 · 1) matrix of the conservative variables (i.e. mass and momentum in each of the phases esqs,
egqg, esqsv, egqgu), F includes both the convective fluxes and the gas and solid phase pressure gradients oP/ox

and oPs/ox, and K contains the gravity and the gas–solid momentum transfer source terms, i.e. the drag force
±b(u � v) and the solids volume fraction of the gas phase pressure gradient �es oP/ox.

Sinusoidal perturbations will be imposed to calculate the linear wave propagation speeds. For a perturba-
tion dQ, Eq. (23) transforms into:
oðdQÞ
ot
þ oðdFÞ

ox
¼ ðdKÞ ð24Þ
To obtain the linear wave propagation speeds, the time derivative term, the flux terms and the source terms in
equation set Eq. (24) are linearized in terms of the primitive variables X (i.e. es, P, v, and u):
oQ

oX
� oðdXÞ

ot
þ oF

oX
� oðdXÞ

ox
¼ oK

oX
� ðdXÞ ð25Þ
introducing the Jacobian:
oQ

oX
¼

qs 0 0 0

�qg egqg=P 0 0

qsv 0 esqs 0

�qgu eguqg=P 0 egqg

0BBBB@
1CCCCA ð26Þ
while
oF

oX
¼

qsv 0 esqs 0

�qgu eguqg=P 0 egqg

M þ qsvv es 2esqsv 0

�qguu eg þ eguuqg=P 0 2egqgu

0BBBB@
1CCCCA ð27Þ
with the solids stress modulus M (Gidaspow, 1994):
M ¼ oP s

oes

ð28Þ
The ideal gas law is assumed when accounting for the compressibility of the gas phase, i.e.
oqg

oP ¼
qg

P .
The Jacobian of the gravity and drag source terms oK/oX is given by:
oK

oX
¼

0 0 0 0

0 0 0 0

qsg þ
oCdrag

gs

oes

oCdrag
gs

oP

oCdrag
gs

ov

oCdrag
gs

ou

�qgg � oCdrag
gs

oes

egqgg
P �

oCdrag
gs

oP � oCdrag
gs

ov � oCdrag
gs

ou

0BBBBB@

1CCCCCA ð29Þ
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with: Cdrag
gs ¼ bðu� vÞ. The partial derivatives in Eq. (29) can be calculated analytically or numerically, e.g.
oCdrag
gs

oes

¼
Cdrag

gs ðes þ DesÞ � Cdrag
gs ðes � DesÞ

2Des

ð30Þ
Introducing:
A ¼ oQ

oX

� ��1

� oF

oX
ð31Þ
and
B ¼ oQ

oX

� ��1

� oK

oX
ð32Þ
Eq. (25) can be rewritten as
oðdXÞ
ot
þ A

oðdXÞ
ox
� BðdXÞ ¼ 0 ð33Þ
Performing a Fourier transform (Bracewell, 1965), imposing sinusoidal perturbations with amplitude bA, angu-
lar wave frequency x and linear wave propagation speed s:
dX ¼ bAei ðx=sÞx�xtð Þ ð34Þ
Eq. (25) transforms into:
�ixI þ i
x
s

A� B
	 


dX ¼ 0 ð35Þ
The amplitude of the perturbations bA differs from zero. Hence, a solution of Eq. (35) requires:
det �ixI þ i
x
s

A� B
	 


¼ 0 ð36Þ
or
det
ix
s

I � ixA�1 � A�1B

� �
¼ 0 ð37Þ
A solution of Eq. (37) requires that:
1

s
¼ 1

ix
eigenvaluesðixA�1 þ A�1BÞ ð38Þ
from which the linear wave propagation speeds s corresponding to a fixed angular wave frequency x can be
solved.

Eq. (38) allows roughly evaluating the impact and the frequency range affected by different closure model
types for gas–solid momentum transfer. A drag force type description, independent of x (as seen from B,
Eqs. (29) and (32)), will have a big effect over the entire frequency range, due to the division by x in Eq. (38).
A history force type description, proportional to

ffiffiffiffi
x
p

, will have somewhat less effect, whereas an added mass type
description, proportional to x, will have the least effect. The above will be demonstrated further in this paper.

Because an analytical expression for the linear wave propagation speeds cannot always be found, the linear
wave propagation speeds are investigated numerically. The linear wave propagation speed analysis was carried
out using MAPLE. Two of the four linear wave propagation speeds obtained from Eq. (38) are found to be
related to the propagation of the gas phase variables, whereas the two others are found to be related to the
propagation of the solid phase variables. Furthermore, in accordance with Gregor and Rumpf (1975, 1976)
and Gidaspow (1994), the linear wave propagation speeds can be decomposed as
½Reð1=s1;2Þ��1 ¼ û� cmðx; es; qs; qgÞ
½Reð1=s3;4Þ��1 ¼ v̂� csðM ; qsÞ

ð39Þ
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where cm is the mixture speed of sound (Gregor and Rumpf, 1975, 1976; Atkinson and Kytömaa, 1992) and cs

is the so-called granular speed of sound (Gidaspow, 1994), related to the propagation of the solid phase pres-
sure Ps. Hence, the mixture speed of sound cm is calculated from:
cm ¼
Re 1

s1

	 
h i�1

� Re 1
s2

	 
h i�1
� �

2
ð40Þ
The analysis of the linear wave propagation speeds showed that the mixture speed of sound cm is not influ-
enced by the granular speed of sound cs.

3.2. Filtered models

The analysis of the linear wave propagation speeds of filtered models is analogous to the analysis of the
linear wave propagation speeds of the non-filtered model but filtered variables h i (Eqs. (7) and (8)) and
{ } (Eq. (12)) are involved and extra terms appear in the equations, depending on the closure models that
are used for the filtered gas–solid momentum transfer terms.

3.2.1. Effective drag coefficient approach for the filtered drag force

Applying the effective drag coefficient approach for the filtered drag force (Eq. (20)) (e.g. Heynderickx et al.,
2004), the constitutive equation for the drag coefficient is modified in the linear wave propagation speed
analysis.

3.2.2. Apparent added mass approach for the correlation between the solids volume fraction and the gas phase

pressure gradient

The Fourier transform of an apparent added mass term (Eq. (21)) is straightforward. The Jacobians hoQ
oX

�
and hoF

oX

�
in filtered Eq. (25) become:
ohQg
ohXg ¼

qs 0 0 0

�qg hegiqg=hPi 0 0

qsfvg 0 hesiqs þ Cahqmi �Cahqmi
�qgfug hegifugqg=hPi �Cahqmi hegiqg þ Cahqmi

0BBB@
1CCCA ð41Þ
and
ohFg
ohXg ¼

qsfvg 0 hesiqs 0

�qgfug hegifugqg=hP i 0 hegiqg

M þ qsfvgfvg hesi 2hesiqsfvg þ Cahqmifvg �Cahqmifug
�qgfugfug hegi þ hegifugfugqg=hP i �Cahqmifvg 2hegiqgfug þ Cahqmifug

0BBB@
1CCCA

ð42Þ
3.2.3. Apparent history force approach for the correlation between the solids volume fraction and the gas phase

pressure gradient

The Fourier transform of an apparent history force (Eq. (22)) is obtained using the convolution theorem
(Bracewell, 1965):
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Substituting Eq. (34), Eq. (43) results into:
Fig. 1.
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which can be added to Eqs. (35), corresponding to the following Jacobians oQ
oX

��
and oF

oX

��
in filtered Eq. (25):
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4. Results and discussion

4.1. Non-filtered model

Fig. 1 shows the mixture speed of sound cm(x, es) (Eqs. (38)–(40)) (Gregor and Rumpf, 1975, 1976; Atkin-
son and Kytömaa, 1992) as a function of the solids volume fraction es and the wave frequency x calculated via
a linear wave propagation speed analysis of the non-filtered model (Eqs. (1)–(6)). It was one of the early suc-
cesses of the Eulerian–Eulerian gas–solid flow models that the calculated behavior is in agreement with the
experimentally observed behavior (Atkinson and Kytömaa, 1992; Gregor and Rumpf, 1975, 1976; van der
Schaaf et al., 1998). Higher frequency pressure waves, typically with a frequency higher than 106 Hz, propa-
gate quasi-undisturbed through the gas–solid mixture, i.e. the high frequency mixture speed of sound cm(x, es)
equals the single gas phase speed of sound cg. As the wave frequency x decreases, the mixture speed of sound
cm(x, es) is gradually decreased by the presence of solid particles. A low wave frequency limit mixture speed of
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Mixture speed of sound cm (Eqs. (38)–(40)) as a function of the angular wave frequency and the solids volume fraction calculated
linear wave propagation speed analysis of the non-filtered model (Eqs. (1)–(6)). Conditions: qs = 2650 kg m�3, qg = 0.934 kg m�3,

10 lm and hPi = 104,800 Pa.
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sound behavior is observed for wave frequencies x below 0.1 Hz. At such low wave frequencies, the mixture
speed of sound cm(x, es) gradually decreases from the single gas phase speed of sound cg for solids volume
fractions es lower than 10�5 to a minimum mixture speed of sound cm(x, es) for solids volume fractions es

higher than about 0.1. Fig. 2 quantitatively compares the low frequency limit mixture speed of sound cm

(Eqs. (38)–(40)) calculated from the non-filtered model (Eqs. (1)–(6)) and different filtered models (Eqs.
(15)–(18)) (discussed later) with experimentally measured values (van der Schaaf et al., 1998). As previously
shown by Gregor and Rumpf (1975, 1976); Atkinson and Kytömaa (1992) and others, the non-filtered model
describes the experimentally observed mixture speed of sound behavior well.

It should be emphasized that the complex mixture speed of sound behavior calculated (Fig. 1) can be
entirely attributed to gas–solid momentum transfer described by the drag force. If the drag force is neglected
in the analysis of the linear wave propagation speeds, the mixture speed of sound cm (Eqs. (38)–(40)) equals the
single gas phase speed of sound cg, independent of the solids volume fraction es and the wave frequency x.

In the next paragraphs, the mixture speed of sound behavior obtained from different filtered models is com-
pared with the mixture speed of sound behavior obtained from the non-filtered model (Fig. 1).
Fig. 2. Comparison of the low-frequency mixture speed of sound cm (Eqs. (38)–(40)) as a function of the solids volume fraction calculated
from a linear wave propagation speed analysis of the non-filtered model A (Eqs. (1)–(6)) and with different filtered models (Eqs. (15)–(22))
with experimentally measured values. Conditions: qs = 2650 kg m�3, qg = 0.934 kg m�3, dp = 310 lm and hPi = 104,800 Pa. Measure-
ments by van der Schaaf et al. (1998) in a riser (xexp

f ¼ 400 Hz and xexp < 10 Hz). Ch in s�1/2.
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4.2. Filtered models

4.2.1. Effective drag coefficient approach for the filtered drag force

Fig. 3 shows the effect of an effective drag coefficient approach for the filtered drag force (Eq. (20)) on the
mixture speed of sound cm(x, es) (Eqs. (38)–(40)) calculated via a linear wave propagation speed analysis of the
filtered gas–solid flow model (Eqs. (15)–(18)). As mentioned in the paragraph on Modeling, the effective drag
models of Yang et al. (2003) and Heynderickx et al. (2004) predict a reduction of the drag coefficient be by a
factor 1.5 to 4. With decreasing filter frequency xf, the effective drag coefficient be is, however, expected to
decrease further. In particular this may be the case if the apparent added mass (Eq. (21)) (Zhang and Vander-
Heyden, 2002; De Wilde, 2005b) becomes important, as discussed in the next paragraph. Therefore, and to
illustrate more clearly the effect of an effective drag coefficient approach and in particular which frequencies
are affected by such an approach, the mixture speed of sound behavior for a further decreasing effective drag
coefficient be is also illustrated in Fig. 3.

As expected from the preliminary analysis of Eq. (38), an effective drag coefficient approach for the filtered
drag force (Eq. (20)) affects the mixture speed of sound cm(x, es) (Eqs. (38)–(40)) over the entire wave fre-
quency range x, independent of the applied effective drag coefficient. In particular, the mixture speed of sound
cm(x, es) at low wave frequencies x is also altered as soon as the drag coefficient is reduced. Furthermore, as
the effective drag coefficient be decreases, the high frequency mixture speed of sound is gradually introduced to
lower wave frequencies. Fig. 2a (be = b/10, Ca = 0) quantitatively illustrates that using the effective drag coef-
ficient approach for the filtered drag force (Eq. (20)), the filtered gas–solid flow model (Eqs. (15)–(18)) over
predicts the experimentally observed low frequency limit mixture speed of sound. Hence, such a filtered model
cannot be expected to accurately describe the low frequency, i.e. filtered, gas–solid flow field.
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Fig. 3. Mixture speed of sound cm (Eqs. (38)–(40)) as a function of the angular wave frequency and the solids volume fraction calculated
from a linear wave propagation speed analysis of the filtered model (Eqs. (15)–(18), (20)) with: (a) effective drag coefficient be of
Heynderickx et al. (2004), (b) be = b/10, (c) be = b/100 and (d) be = b/1000. Conditions: qs = 2650 kg m�3, qg = 0.934 kg m�3, dp=310 lm
and hPi = 104,800 Pa. (a)! (d): be# as xf#.
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4.2.2. Apparent added mass approach for the correlation between the solids volume fraction and the gas phase

pressure gradient

Fig. 4 shows the effect of an apparent added mass approach for the correlation between the solids volume
fraction and the gas phase pressure gradient e0s

oP 0

or

� �
(Eq. (21)) on the behavior of the mixture speed of sound

cm(x, es) (Eqs. (38)–(40)) calculated via a linear wave propagation speed analysis of the filtered model (Eqs.
(15)–(18)). According to Eq. (21), as the filter frequency xf decreases and e0s

oP 0

or

� �
grows in importance, the

apparent added mass coefficient Ca is expected to increase. Fig. 4 shows that, as the apparent added mass coef-
ficient Ca increases, the mixture speed of sound cm(x, es) is progressively altered from the high wave frequen-
cies x on. According to its definition, the filter frequency xf resulting from using the filtered apparent added
mass based model can be derived from Fig. 4 as the frequency up to which the mixture speed of sound
cm(x, es) is not altered and remains being calculated correctly, that is in agreement with the non-filtered model
(Fig. 1). Figs. 1 and 4 demonstrate that, using an apparent added mass approach, it is in fact the filter
frequency mixture speed of sound cm(xf, es) that is introduced to wave frequencies x higher than the filter
frequency xf. It should be stressed that the mixture speed of sound cm(x, es) for wave frequencies x lower than
the filter frequency xf is not altered and remains being predicted correctly by the filtered model. Hence, as the
filter frequency xf decreases and the apparent added mass coefficient Ca increases, the low frequency limit mix-
ture speed of sound behavior is progressively introduced over the entire frequency range. An added mass type
description not affecting the entire frequency range is in agreement with the preliminary analysis of Eq. (38).

It should be emphasized that the impact of the apparent added mass closure term (Eq. (21)) on the mixture
speed of sound cm(x, es) calculated from the filtered model (Eqs. (15)–(18)) is in agreement with the behavior
generally expected from filtered models. As the filter frequency xf decreases, the filtered model progressively
destroys its capability of predicting the mixture speed of sound cm(x, es) for wave frequencies x higher than
the filter frequency xf, while keeping its capability of predicting the mixture speed of sound cm(x, es) for wave
frequencies x lower than the filter frequency xf (Fig. 4).
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Fig. 4. Mixture speed of sound cm (Eqs. (38)–(40)) as a function of the angular wave frequency and the solids volume fraction calculated
from a linear wave propagation speed analysis of the filtered model Eqs. (15)–(18), (20) and (21) with an effective drag coefficient be

(Heynderickx et al., 2004) and with an apparent added mass (Zhang and VanderHeyden, 2002) with: (a) Ca = 0.002, (b) Ca = 0.02,
(c) Ca = 0.2,(d) Ca = 2. Conditions: qs = 2650 kg m�3, qg = 0.934 kg m�3, dp = 310 lm and hPi = 104,800 Pa. (a)! (d): Ca" as xf#.
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Fig. 5 presents, for two solid phase densities qs of respectively 250 and 2650 kg m�3, estimates of the max-
imum allowable apparent added mass coefficient Ca (Eq. (21)) (Zhang and VanderHeyden, 2002) as a function
of the filter frequency xf, determined from an evaluation of the mixture speed of sound behavior cm(x, es)
(Eqs. (38)–(40)) of the filtered model (Eqs. (15)–(18)) with an apparent added mass closure for the correlation
between the solids volume fraction and the gas phase pressure gradient (Eq. (21)). As mentioned before, for a
given apparent added mass coefficient Ca, the corresponding filter frequency xf is obtained by comparing the
filtered mixture speed of sound behavior for that value of Ca (Fig. 4) with the non-filtered mixture speed of
sound behavior (Fig. 1). An arbitrary limit of 2% is imposed on the difference in the mixture speed of sounds.
For example, with a solids density qs of 2650 kg m�3, for an apparent added mass coefficient Ca of 0.002, the
mixture speed of sound cm(x, es) for wave frequencies x lower than about 200 Hz is accurately predicted,
whereas for an apparent added mass coefficient Ca of 0.02, only the mixture speed of sound cm(x, es) for wave
frequencies lower than about 40 Hz is accurately predicted. As the solids density qs decreases, the maximum
allowable apparent added mass coefficient Ca for a given filter frequency xf increases (Fig. 5). Figs. 4 and 5
furthermore demonstrate that apparent added mass coefficient values larger than 1, as stated by Zhang and
VanderHeyden (2002), are indeed possible and allowable for filter frequencies xf lower than 10 Hz. Such
low filter frequencies are unlikely to be introduced by spatial filtering, as this would imply mesh dimensions
of the order of meters, but are easily introduced by temporal filtering, as for example in steady state
simulations.

For low filter frequencies xf, the apparent added mass closure (Eq. (21)) is able to restore the limit low fre-
quency mixture speed of sound behavior cm(es) of the filtered model (Eqs. (15)–(18)), eventually altered by
making use of an effective drag approach (Eq. (20)) (see previous paragraph). The impact of the apparent
added mass on the low-frequency limit mixture speed of sound cm(es) is quantitatively illustrated in Fig. 2a
for the effective drag coefficient be of Heynderickx et al. (2004) (b

4
< be <

2b
3
Þ, for an effective drag coefficient

be = b/10 and for the limiting case of an effective drag coefficient be going to zero. In any effective drag coef-
ficient case, quite large apparent added mass coefficients Ca are required to accurately restore the low-fre-
quency limit mixture speed of sound behavior cm(es). Interestingly, as the filter frequency xf decreases and
the value of be decreases, the value of Ca required to accurately restore the low-frequency limit mixture speed
of sound behavior increases, as it should. For values of Ca larger than 1, any higher frequency or frequency
dependent mixture speed of sound behavior is destroyed (Fig. 4). In fact, with such large values of Ca, the
effective drag coefficient be may become very small, as discussed further in this paper. At intermediate filter
frequencies xf, the impact of an effective drag coefficient be (Eq. (20)) on the mixture speed of sound
cm(x, es) at wave frequencies x lower than the filter frequency xf (Fig. 3) can, however, not fully, that is over
the entire non-filtered frequency range, be compensated for by the apparent added mass. Hence, the effective
drag coefficient concept (Eq. (20)) and its combination with an apparent added mass (Eq. (21)) is to be inves-
tigated further.
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Fig. 5. Maximum allowable apparent added mass coefficient Ca (Eq. (21)) as a function of the filter frequency xf. Determined from a
linear wave propagation speed analysis with the filtered model (Eqs. (15)–(18) and (21)) with drag and with an apparent added mass
(Zhang and VanderHeyden, 2002). Conditions: qs = 250 or 2650 kg m�3, qg = 0.934 kg m�3, dp = 310 lm and hPi = 104,800 Pa.
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Fig. 6 illustrates that the apparent added mass closure for the correlation between the solids volume frac-
tion and the gas phase pressure gradient (Eq. (21)) does not introduce any intrinsic frequency dependence in
the mixture speed of sound cm (Eqs. (38)–(40)). This is in agreement with the lack of any frequency dependence
in the mixture speed of sound cm being introduced by the momentum transfer source term es(oP/or) in the non-
filtered model (Eqs. (1)–(6)). Hence, if an apparent added mass approach (Eq. (21)) is taken and if a frequency
dependence in the mixture speed of sound cm is required, that is for intermediate filter frequencies xf, it must
be provided by a drag or effective drag term (Fig. 4).

Somehow, the effect of filtering the drag force (Eq. (20)) and the effect of the correlation between the
solids volume fraction and the gas phase pressure gradient (Eq. (21)) are related. As the filter frequency
xf decreases and the effective drag coefficient be (Eq. (20)) decreases, the correlation between the solids vol-
ume fraction and the gas phase pressure gradient e0s

oP 0

or

� �
(Eq. (21)) becomes more important. A possible

explanation is that, as the filter frequency xf decreases, the microscopic description of the gas–solid momen-
tum transfer provided by the drag force (Eqs. (3), (5) and (20)) is progressively replaced by a more macro-
scopic description provided by the apparent added mass (Eq. (21)). The latter is better understood by
reformulating the apparent added mass as an apparent distribution of the filtered gas phase pressure gra-
dient over the phases and an apparent (effective) drag force. As will be shown in what follows, the apparent
added mass contribution to the filtered description of the gas–solid momentum transfer introduces itself a
reduction of the (effective) drag force contribution and, hence, introduces an apparent (effective) drag force
(to be distinguished from the effective drag force introduced in Eq. (20)). The reformulation of the apparent
added mass was explained by De Wilde (2005b). The presence of the drag force was, however, neglected in
the analysis. Accounting for the presence of the drag force, it can analytically and in a way similar to De
Wilde (2005b) be shown that:
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Mixture speed of sound cm (Eqs. (38)–(40)) as a function of the angular wave frequency and the solids volume fraction calculated
linear wave propagation speed analysis of the filtered model (Eqs. (15)–(18), (21)) without drag and with an apparent added mass
and VanderHeyden, 2002) with: (a) Ca = 0.002, (b) Ca = 0.02, (c) Ca = 0.2 and (d) Ca = 2. Conditions: qs = 2650 kg m�3,

.934 kg m�3, dp = 310 lm and hPi = 104,800 Pa. (a)! (d): Ca" as xf#.
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with hmsi the Reynolds-averaged solids mass fraction:
hmsi ¼
hesiqs

hesiqs þ hegiqg

ð48Þ
and combining Eqs. (19), (21) and (47), the filtered gas–solid momentum transfer, i.e. the combination of the
filtered momentum transfer term hes(oP/or)i and the filtered drag force hb(u � v)i in Eqs. (17) and (18), can be
written as
es
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or

� �
� hbðu� vÞi ¼ hesi þ

Cahegihmsi
hesihegiqsqg

hqmi2

	 

þ Ca

0@ 1A oP
or

� �
þ Ca

hesihegiqsqg

hqmi2

	 

þ Ca

� 1

24 35hbðu� vÞi ð49Þ
A more general description of the distribution factor of the filtered gas phase pressure gradient over the solid
phase in terms of the mean square of the solids volume fraction fluctuations, avoiding the introduction of the
apparent added mass coefficient Ca, was derived by De Wilde (2005b). An apparent (effective) drag force is
seen to result from pre-multiplying the filtered drag force – modelled as an effective drag force according to
Eq. (20) – with an apparent added mass related prefactor.

Using Eqs. (20) and (49), the filtered solid phase and gas phase momentum equations (Eqs. (17) and (18))
can be rewritten as
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For very high filter frequencies xf, the apparent added mass coefficient Ca approaches zero (Fig. 5) and the
effective drag coefficient be (Eq. (20)) approaches the non-filtered drag coefficient b, Eq. (49) logically reducing
to:
es

oP
or

� �
� hbðu� vÞi ¼ hesi

oP
or

� �
� bðfug � fvgÞ ð52Þ
Hence, for very high filter frequencies xf, the non-filtered gas–solid momentum transfer model is retrieved, as
it should.

For the limit of very low filter frequencies xf (e.g. steady state calculations), on the other hand, the apparent
added mass coefficient Ca may become large (Zhang and VanderHeyden, 2002; De Wilde, 2005; Fig. 5).

Rewriting the apparent added mass related prefactor of the filtered drag force as 1

1þ hesihegiqsqg

Cahqmi2

	 
� 1
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seen that for large values of the apparent added mass coefficient Ca Eq. (49) reduces to:
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In the low filter frequency limit filtered description of gas–solid momentum transfer, a mass fraction based
distribution of the filtered gas phase pressure gradient over the phases is obtained and the effective drag con-
tribution to the filtered description of gas–solid momentum transfer vanishes, Eqs. (50) and (51) reducing to:
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The effective drag contribution to the filtered gas–solid momentum transfer description vanishing with a mass
fraction based distribution of the filtered gas phase pressure gradient over the phases, limits the solid phase
acceleration by gas–solid momentum transfer to the gas phase acceleration. Eqs. (20) and (49) teach that,
as the filter frequency xf decreases, the microscopic drag force type description of the gas–solid momentum
transfer is progressively replaced by a more macroscopic description that basically consists of distributing
the filtered gas phase pressure gradient, the ultimate macroscopic driving force of both the phases, over the
phases. Summarizing, whereas with very high filter frequencies xf the drag force type description of gas–solid
momentum transfer is applicable, with very low filter frequencies xf an apparent distribution of the filtered gas
phase pressure gradient over the phases (e.g. Eq. (53)) and, hence, an apparent added mass type description
(Eq. (21)) makes sense. However, as discussed before, at intermediate filter frequencies xf, a combination of an
effective drag approach (Eq. (20)) and an apparent added mass approach (Eq. (21)) may not always give an
adequate filtered description of gas–solid momentum transfer, a more complex approach being needed. The
apparent added mass approach introducing an acceptable behavior for filtered gas–solid momentum transfer
models (Fig. 4), its reformulation (Eq. (47)) suggests that a redistribution or effective distribution of the fil-
tered gas phase pressure gradient over the phases may compensate for the unacceptable behavior introduced
by an effective drag approach (Eq. (20)) (Fig. 3).

It should be remarked that the mixture momentum model (Gidaspow, 1994) exhibits the same mixture
speed of sound behavior cm(es) as the low filter frequency limit filtered model Eqs. (54) and (55), i.e. with a
high value of the apparent added mass coefficient Ca (Fig. 4d), but whereas the low filter frequency limit
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filtered model Eqs. (54) and (55) allows slip between the phases, the mixture momentum model assumes equal
phase velocities, excluding slip between the phases.

4.2.3. Apparent history force approach for the correlation between the solids volume fraction and the gas phase
pressure gradient

Fig. 7 shows the mixture speed of sound cm(x, es) calculated via a linear wave propagation speed analysis of
the filtered model (Eqs. (15)–(18)) using an apparent history force closure model for the correlation between
the solids volume fraction and the gas phase pressure gradient e0s

oP 0

or

� �
(Eq. (22)). As the filter frequency xf

decreases, e0s
oP 0

or

� �
grows in importance and the value of the apparent history force coefficient Ch is expected

to increase. No values for the apparent history force coefficient Ch are reported in literature so far, but, refer-
ring to the possible relation with the inverse of the square root of the time scale of the solids clusters, values
much larger than 1 s�1/2 are possible.
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Fig. 7. Mixture speed of sound cm (Eqs. (38)–(40)) as a function of the angular wave frequency and the solids volume fraction calculated
from a linear wave propagation speed analysis of the filtered model (Eqs. (15)–(18), (20) and (22)) with an effective drag coefficient be

(Heynderickx et al., 2004) and with an apparent history force with: (a) Ch = 0.2 s�1/2, (b) Ch = 2 s�1/2, (c) Ch = 20 s�1/2, (d) Ch = 200 s�1/2,
(e) Ch = 2000 s�1/2 and (f) Ch = 20000 s�1/2. Conditions: qs = 2650 kg m�3, qg = 0.934 kg m�3, dp = 310 lm and hPi = 104,800 Pa. (a)!
(f): Ch" as xf#.
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An initial increase of the apparent history force coefficient Ch hardly affects the calculated mixture speed of
sound cm(x, es) (Fig. 7). As the apparent history force coefficient Ch increases further, the low frequency
mixture speed of sound behavior is progressively introduced over all frequencies, but from the high solids
volume fractions and the low frequencies on. The latter is undesirable for a filtered model. This becomes more
clear from Fig. 8, showing the intrinsic effects introduced by the apparent history force (Eq. (22)) in the
mixture speed of sound cm(x, es) calculated from the filtered model (Eqs. (15)–(18)), i.e. in the absence of a
drag force. In contrast with the apparent added mass (Eq. (21)) (Fig. 6) and as expected from the preliminary
analysis of Eq. (38), an apparent history force introduces an intrinsic frequency dependence of the mixture
speed of sound, except for very large values of the apparent history force coefficient Ch(Ch � 20,000 s�1/2).
Such a frequency dependence of the mixture speed of sound cm intrinsic to (the closure model for) the corre-
lation between the solids volume fraction and the gas phase pressure gradient is not expected from the momen-
tum transfer source term es(oP/or) in the non-filtered model (Eqs. (1)–(6)).
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Fig. 8. Mixture speed of sound cm (Eqs. (38)–(40)) as a function of the angular wave frequency and the solids volume fraction calculated
from a linear wave propagation speed analysis of the filtered model (Eqs. (15)–(18), (20) and (22)) without drag and with an apparent
history force with: (a) Ch = 0.02 s�1/2, (b) Ch = 0.2 s�1/2, (c) Ch = 2 s�1/2, (d) Ch = 20 s�1/2, (e) Ch = 200 s�1/2 and (f) Ch = 2000 s�1/2.
Conditions: qs = 2650 kg m�3, qg = 0.934 kg m�3, dp = 310 lm and hPi = 104,800 Pa. (a)! (f): Ch" as xf#.
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Analogous to the apparent added mass (Eq. (21)), the apparent history force (Eq. (22)) is capable of restor-
ing the low frequency limit mixture speed of sound behavior, eventually altered by taking an effective drag
coefficient approach for the filtered drag force (Eq. (20)) (Fig. 3). A quantitative comparison of the experimen-
tally measured low frequency limit mixture speed of sound cm(es) (van der Schaaf et al., 1998) with the low
frequency limit mixture speed of sound cm(es) calculated using an apparent history force (Eq. (22)) in the
absence of drag (Fig. 2b), shows that an accurate calculation of the low frequency limit mixture speed of sound
cm(es) is still possible, but requires large values of the apparent history force coefficient (Ch > 200 s�1/2). In
such case, any higher frequency or frequency dependent behavior of the mixture speed of sound cm is
destroyed (Fig. 7).

The behavior originating from the apparent history force closure for the correlation between the solids vol-
ume fraction and the gas phase pressure gradient (Eq. (22)) (Fig. 8) is interesting in the sense that via the
apparent history force, the filtered momentum transfer term hes(oP/or)i may, at least qualitatively, introduce
the wave frequency and solids volume fraction dependent mixture speed of sound behavior cm(x, es) (Atkinson
and Kytömaa, 1992; Gregor and Rumpf, 1975, 1976; van der Schaaf et al., 1998) generally attributed to the
presence of the drag force (Gregor and Rumpf, 1975, 1976) (Fig. 1). The apparent history force explanation
for the mixture speed of sound behavior suggests, however, that a certain filter frequency xf is required to
observe a frequency and solids volume fraction dependence of the mixture speed of sound cm. With respect
to the latter, it is important to recognize that experimental observations indeed also suffer from a filter fre-
quency xexp

f . The experimental filter frequency xexp
f of the low frequency (xexp < 10 Hz) mixture speed of

sound measurements by van der Schaaf et al. (1998) (Fig. 2), for example, was about 400 Hz.
As a closure model for the correlation between the solids volume fraction and the gas phase pressure gra-

dient (Eq. (22)), an apparent history force seems, however, not suited, the mixture speed of sound cm(x, es)
being altered from the low wave frequencies x on. Therefore, according to the linear wave propagation speed
test proposed in this paper, an apparent added mass (Eq. (21)) (Zhang and VanderHeyden, 2002; De Wilde,
2005) is so far the only promising closure model approach for the correlation between the solids volume frac-
tion and the gas phase pressure gradient e0s

oP 0

or

� �
.

5. Conclusions

The wave frequency dependence of the linear wave propagation speeds in gas–solid flows is related to gas–
solid momentum transfer and allows a simple test for filtered gas–solid momentum transfer models. The linear
wave propagation speeds obtained from filtered models are compared with those obtained from the non-fil-
tered model. Whereas filtered models may alter the linear wave propagation speeds at wave frequencies higher
than the filter frequency, filtered models may not alter the linear wave propagation speeds at wave frequencies
lower than the filter frequency.

An effective drag coefficient closure model approach for the filtered drag force, proposed by Yang et al.
(2003), Heynderickx et al. (2004) and Andrews et al. (2005), is observed to alter the linear wave propagation
speeds over the entire wave frequency range, independent of the applied effective drag coefficient. As the effec-
tive drag coefficient decreases, the high frequency linear wave propagation speed behavior is gradually intro-
duced to lower wave frequencies. As such, the impact of an effective drag coefficient approach on the linear
wave propagation speeds is undesirable for filtered models.

An apparent added mass closure model for the correlation between the solids volume fraction and the gas
phase pressure gradient, proposed by Zhang and VanderHeyden (2002), introduces the desirable behavior for
filtered models with respect to the linear wave propagation speeds. For a given filter frequency and corre-
sponding apparent added mass coefficient, the linear wave propagation speeds at wave frequencies higher than
the filter frequency are altered and become equal to the filter frequency linear wave propagation speeds. The
linear wave propagation speeds at wave frequencies lower than the filter frequency are, however, not altered
and remain to be predicted correctly, that is as with the non-filtered model. Furthermore, an apparent added
mass introduces no intrinsic frequency dependence in the linear wave propagation speeds, as expected from its
non-filtered source term. Hence, a frequency dependence of the linear wave propagation speeds at frequencies
lower than the filter frequency is, somehow, to be provided by an effective drag force term. An apparent added
mass can, however, only to a certain extent restore the linear wave propagation speed behavior at wave
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frequencies lower than the filter frequency altered by an effective drag coefficient approach. An apparent
added mass can be reformulated in terms of an apparent distribution of the filtered gas phase pressure gradient
over the phases and an apparent (effective) drag force. As the filter frequency decreases and the apparent
added mass coefficient increases, the contribution of the apparent distribution of the filtered gas phase pres-
sure gradient over the phases to the filtered description of gas–solid momentum transfer grows in importance,
whereas the contribution of the apparent (effective) drag force becomes less important.

An apparent history force closure model for the correlation between the solids volume fraction and the gas
phase pressure gradient is shown to alter the linear wave propagation speeds from the low frequencies on. This
is undesirable for filtered models. Furthermore, the apparent history force introduces intrinsic frequency
dependence in the linear wave propagation speeds, in contrast to what is expected from its non-filtered source
term.

Summarizing, whereas with very high filter frequencies the drag force type description of gas–solid momen-
tum transfer is applicable, with very low filter frequencies the apparent added mass type description seems jus-
tified. At intermediate filter frequencies, however, a combination of these two approaches is to be further
investigated and a more complex approach may be needed.
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