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Abstract

The process of deformation of twinned ferromagnetic martensite under a combined action of slowly increasing magnetic field (or
mechanical stress) and oscillatory mechanical stress has been studied theoretically in the framework of a statistical model of magneti-
cally/mechanically induced deformation. The dependencies of magnetically/mechanically induced deformation on time, oscillatory stress
amplitude and magnetic field (or mechanical stress) has been modeled. The additional deformation of a Ni–Mn–Ga specimen activated
by a superimposed oscillatory stress has been computed for the case of resonant longitudinal ultrasonic waves with several realistic values
of strain amplitudes using the typical values of Young’s modulus, specimen length, and threshold field/stress (i.e. the field/stress, which
triggers the process of magnetically/mechanically induced deformation). Quantitative estimations show, in particular, that the ultrasonic
wave with a strain amplitude of 4 � 10�5 causes a �30% decrease of the threshold field/stress value; the additional deformation induced
by the ultrasound reaches its maximal value �2.8% when the field/stress reaches the initial (i.e. observed in the absence of ultrasound)
threshold value.
� 2007 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Magnetic, elastic and magnetoelastic properties of Ni–
Mn–Ga ferromagnetic shape memory alloys (FSMA) have
attracted the attention of researchers during the last decade
(see e.g. Refs. [1–5] and references therein). Detailed reviews
of experimental and theoretical researches concerning the
Ni–Mn–Ga alloy system are presented in Refs. [6,7]. The
large values (>5%) of mechanically and magnetically
induced deformations (MIDs) of these alloys achieved at
unusually low compressive stresses (�2 MPa) [3,8] or mod-
erate magnetic fields (l0H � 0.5–1.0 T) [2] are of a special
interest. The large deformation of twinned Ni–Mn–Ga
specimen originates from the mechanically/magnetically
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induced stressing/straining, which triggers a process of
modification of twin structure above certain threshold
stress/strain or field value; for more details see e.g. Refs.
[2,3,7–10].

Since Ni–Mn–Ga alloys are used now for designing of
magneto-mechanical actuators and sensors [11,12], lower-
ing of threshold magnetic field and improvement of the
dynamic properties of the devices based on MID are con-
sidered as challenging problems [13,14]. As far as the pos-
sibility of magnetic control of the MID is restricted by the
value of magnetoelastic constant of a crystal [15], any non-
magnetic mechanism enhancing the MID effect is of a great
interest. Acoustic oscillations promote pseudoplastic defor-
mation of shape memory alloys in the martensitic state,
which proceeds through the reorientation of martensitic
variants [16], and facilitate the stress-induced martensitic
transformation [17]. These phenomena are manifestations
of the acoustoplastic or Blaha effect, which is known for
the conventional dislocation plasticity of crystals (see e.g.
rights reserved.
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the review in Ref. [18] and references therein). Several inter-
pretations of the acoustoplastic effect have been suggested,
essentially based on the stress [19] or energy superposition
principles [20]. Recently, a strong effect of superposition of
sub-resonant mechanical oscillations on the MID has been
reported for a Ni–Mn–Ga alloy [13], and an attempt has
been undertaken to describe on a microscopic level the
dynamics of an isolated martensitic twin boundary sub-
jected to both external magnetic field and acoustic excita-
tion [21].

The present work is aimed at theoretical description and
quantitative estimation of the effect of oscillatory strain on
the deformation of twinned ferromagnetic martensites in
terms of macroscopic physical parameters, which are com-
monly used for the description of large MID. To this end a
stress superposition principle is taken into account. Atten-
tion is focused on the resonant acoustic oscillations, but the
developed theoretical model is fully applicable to the sub-
resonant case. Numerical estimations of basic parameters
characterizing MID are made for a twinned Ni–Mn–Ga
single crystalline specimen with dimensions of �10�2 m,
subjected to the effect of resonant oscillations at a fre-
quency of around 105 Hz.

2. Statistical model of deformation of twinned martensite:

generalization for superposition of oscillatory stress

The deformation of twinned Ni–Mn–Ga martensite can
be described in the framework of a statistical model [22,23],
which is based on the following assumptions: (i) the mar-
tensitic structure can be modeled by two alternating vari-
ants of tetragonal lattice with the principal axes [100]
and [010] aligned with x and y directions, the neighboring
variants form xy twins; (ii) the deformation of xy twin
structure can be induced by the axial compression or mag-
netic field application; the applied force/field along x or y

direction, see Fig. 1, creates an effective elastic/magneto-
elastic stress r � rxx � ryy; (iii) the effective stress produces
an elastic strain eel � eel

xx � eel
yy , which breaks the crystallo-

graphic equivalence of neighboring variants of the crystal
lattice and causes jump-like displacements of twin bound-
aries; (iv) the effective stress fluctuates around a certain
average value due to the thermal vibrations of crystal lat-
tice; (v) the jumps of different twin boundaries occur in dif-
Fig. 1. Rod-shaped internally twinned specimen with the left end joined to
an ultrasonic transducer. The length of the specimen is equal to the half-
wavelength (k/2) of the fundamental harmonic of longitudinal oscillations;
hatching illustrates the orientation of twin boundaries.
ferent moments t(n), when the fluctuating effective stress
crosses some critical levels rn � (rxx � ryy)n enumerated
in ascending order; (vi) the twin boundaries jumps result
in large deformations e� eel.

Let the quasistatic magnetic field or compressive force
be applied in the moment t = 0 to a twinned tetragonal
martensite with c/a < 1 (c, a are the lattice parameters) in
y direction and the uniaxial alternating mechanical stress

~r � ~rxx ¼ rA cos xt ð1Þ
with the amplitude rA and angular frequency x, being
superimposed on the quasistatic one r = ryy (see Fig. 1).
In this case the total effective stress is the sum of the applied
stress r, random thermal stress n(t) and alternating stress ~r:

rt ¼ rþ nðtÞ þ ~r: ð2Þ
It is convenient to simplify the model and substitute the
alternating mechanical stress Eq. (1) by a sequence of rect-
angular pulses with the same frequency and with the same
root-mean-square value of amplitude

D� ¼ �rA=
ffiffiffi
2
p

: ð3Þ
This simplification is justified when the average attempt
frequency of the stochastic crossings of critical levels by
the total stress is substantially higher than x, and this con-
dition will be verified below. Eq. (3) implies that the aver-
age elastic energies of rectangular pulses and of the
harmonic oscillation Eq. (1) are equal. Thus, the total effec-
tive stress is expressed by the formulae

rt ¼ r� þ nðtÞ; r� � rþ D�: ð4Þ
For the crystal compressed in y direction the stress com-

ponent ryy is negative, therefore r > 0 and positive stress
pulses promote deformation, which is induced by the mag-
netic field or compressive force, but the negative ones
retard it. Due to this fact, the expected time interval before
the first crossing of the nth stress level depends on the sign
of stress pulse. According to Ref. [23] this interval is

ht�ðnÞi ¼
0 if rn < r�;

tsw þ ½vf�ðrnÞ	�1 if rn P r�;

�
ð5Þ

where

f�ðrnÞ ¼ ðn0

ffiffiffiffiffiffi
2p
p
Þ�1 expf�ðrn � r�Þ2=2n2

0g ð6Þ
is the probability density of crossing of the nth level, tsw is
the time interval before the switching on mechanical oscil-
lations, n0 and v are the mean-square value and the average
variation rate of random stress, respectively. Following
Ref. [27]

n2
0 ¼

16p
15

 kBTC0

k3
0

; vðT Þ ¼ 12C0

5q

� �1=2


 n0

k0

; ð7Þ

where C0 = (C11 � C12)/2 is the shear elastic modulus, k0 is
a characteristic length scale of the order of twice the twin
width (for more details see also Ref. [24]).

The values t�1
� are proportional to the probability densi-

ties of crossings of critical stress levels during the positive
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and negative half-cycles of stress pulses. On average, the
probability density is proportional to ðt�1

þ þ t�1
� Þ=2, and

hence, in the presence of oscillations the expected time is
expressed as

htðnÞi ¼
tþðnÞjeA¼0 ¼ t�ðnÞjeA¼0 if n < n0;

tsw þ 2tþðnÞt�ðnÞ
tþðnÞþt�ðnÞ �

2tþðn0Þt�ðn0Þ
tþðn0Þþt�ðn0Þ

if n P n0;

(
ð8Þ

where n0 is the number of levels crossed before switching
on the oscillations.

The rest of the model equations are derived in Refs.
[22,23]. The number of twin boundaries displaced during
the time from t = 0 to t = ht(n)i is

NðnÞ ¼ N 0

X
j

pðrjÞhðrn � rjÞ; j ¼ 1; 2; . . . N 0; ð9Þ

where N0 is the total number of critical stress levels, j enu-
merates these levels, h is the stepwise Heaviside function,

pðrjÞ / hðr� rcÞ expf�ðrj � rcÞ=2r2
0g ð10Þ

is a phenomenological probability density distribution for
the twin boundaries jumps. The Heaviside function is
introduced in Eq. (10) to account for the threshold nature
of the detwinning process (the condition rt = rc corre-
sponds to the start of this process). The volume fraction
of y-variant of martensite, ay(n), depends on the number
n as follows:

ayðnÞ ¼ ayð0Þ þ ½ayðN 0Þ � ayð0Þ	NðnÞ=N 0: ð11Þ
The alloy deformation in x direction satisfies the equation

eðnÞ ¼ 1

2E
rþ ð1� c=aÞ½ayðnÞ � ayð0Þ	; ð12Þ

where E is Young’s modulus.
Eqs. (3)–(12) constitute the background for the theoret-

ical description of the deformation of twinned martensite
under the combined action of slowly varying magnetic
field/mechanical stress and mechanical oscillations. The
resonant oscillations of the specimen can be incorporated
in this description in a simple way. The periodic displace-
ment in the longitudinal standing wave generated in a
rod of length L (see Fig. 1) can be formulated in the con-
tinuum limit as

~ux ¼ uA cosðpmx=LÞ cos xt ð13Þ
where uA is the displacement amplitude, x = (E/q)1/2(pm/
L) is the resonance angular frequency of the specimen with
the free-moving ends, m = 1, 2, 3,. . ., and q is the mass den-
sity of the rod. Fig. 1 shows an example of such experimen-
Table 1
Typical values of characteristics of Ni–Mn–Ga twinned martensite used in com

Tetragonality of
the lattice, c/a

Shear plastic
modulus, C 0 (GPa)

Young’s
modulus, E

Mass density, q
(g/cm3)

0.94 [25] 8 [26] 3C0 8.4

a Of the order of twice the width of internal twins of martensitic variants.
b Parameters of the probability density distribution of the jumps of twin bou
tal arrangement when one of the rod ends is joined to an
ultrasonic transducer and the second one is moving freely
under the resonance conditions. If the rod is long enough,
L J 10l, where l is the dimension of the rod in y and z

directions, only the displacement in x direction can be con-
sidered. The exx strain tensor component is

~exx ¼ �eA sinðpmx=LÞ cos xt; ð14Þ
where eA = pmuA/L is the strain amplitude.

As the simplest approach, the spatial distribution of
strain in the standing wave can be replaced by the spatially
uniform root-mean-square value of strain along the sam-
ple, which provides the same elastic energy as the strain
in Eq. (14). This average strain is ðeA=

ffiffiffi
2
p
Þ cos xt and for

the case of resonant oscillations Eq. (3) yields
D± = ±EeA/2.

3. Results and discussion

The computations have been performed for ultrasonic
standing wave conditions, since this allows one to
approach the typical dimensions of samples (L � 1 cm)
and realistic values of the oscillatory strain amplitude used
in experiments, eA � 10�6 � 10�4, which are known to pro-
mote pseudoplastic deformation of martensites and stress-
induced martensitic transformation [16,17]. The modeling
refers to the temperature of 290 K.

To begin with, it is useful to estimate basic parameters
involved in the modeling, like magnitudes of thermal and
oscillatory stress and the attempt frequency. Some relevant
characteristics reported for Ni–Mn–Ga alloys by different
authors as well as phenomenological parameters involved
in the probability density distribution Eq. (10) are listed
in Table 1. The experimental value of Young’s modulus
(E � 3C0 � 24 GPa, see Table 1) and the amplitude of the
oscillatory strain eA = 4 � 10�5 yield the oscillatory stress
amplitude D± = 0.5 MPa.

The mean-square value of the random stress effectively
interacting with the twin structure strongly depends on
the twin width (see Ref. [24] and references therein). Hier-
archic twin structure in Ni–Mn–Ga alloys and superfine
twins with width �100 nm are observed inside the twins
of the micrometer scale (see e.g. Refs. [4,27]). For the
100 nm twins the mean-square value of the random stress
(n0 � 0.5 MPa, [24]) is close to the oscillatory stress esti-
mated above. It is well established that the magnetic field
application is equivalent to the mechanical stress in
twinned ferromagnetic martensites [15,28]. The dependence
putations

Characteristic length
scalea k0 (nm)

rc
b

(MPa)
r0

b Initial volume fraction of
martensite, ay(0)

100 [4,27] 3.2 rc/5 0.05

ndaries (see Eq. (10)).



Fig. 3. Deformation vs. stress (solid steps) and deformation vs. field
(dashed steps) computed for the case of stepwise stress/field variation.
Experimental deformation–stress (solid line) and smoothed deformation–
field (dashed line) dependencies are presented for illustration.
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of the equivalent stress on the magnetic field has been
determined in Ref. [8] and is presented in Fig. 2. This figure
shows that the saturating field induces the stress of about
3 MPa and that the effect of the oscillatory/thermal stress
of �0.5 MPa is equivalent to application of the magnetic
field of about 0.2 T, being much lower than the saturating
field. Since all stresses relevant to the problem under con-
sideration do not exceed 3 MPa, classical plastic deforma-
tion has to be disregarded.

The average attempt frequency of stochastic crossing the
critical stress levels can be estimated from the parameters
of fluctuating thermal stress as v/2n0. Using Eq. (7) and
numerical values of C0 and k0 from Table 1, one obtains
v/2n0 � 7.5 GHz. The average attempt frequency of cross-
ing the critical stress levels can also be roughly estimated
as st/k0 � 10 GHz, where st = (C0/q)1/2 is the transversal
sound velocity. This is an upper limit, which corresponds
to the frequency of the shortest waves effectively interacting
with the twin structure (for more details see Refs.
[23,24,27]). These estimations show that the attempt fre-
quency is substantially higher than a typical value of the
frequency of the fundamental longitudinal resonance x/
2p = (E/q)1/2/2L � 85 kHz. Therefore, the simplification
of the model introduced by Eq. (3) is well justified.

Let the stress r increases in a stepwise manner with
stress and time intervals Dr = 0.2 MPa and Dt = 20 s (see
Fig. 2). In this case Eqs. (3)–(12) enable the computation
of dependencies of deformation on time and stress before
and after switching on the oscillations. Then, the deforma-
tion–field dependencies can be plotted using the equivalent
stress function req(H), which has been determined in Ref.
[8] from the series of experimental superelastic loops
measured under different values of applied magnetic field.
The graph of this function (solid line in Fig. 2) permits
the transformation of deformation–stress curves into the
deformation–field ones. The phenomenological parameters
rc, r0 and ay(0) (see Table 1) have been adjusted so as to
Fig. 2. Stepwise stress vs. time (dashed line) and equivalent stress vs. field
(solid line). The equivalent stress derived in Ref. [8] quadratically depends
on alloy magnetization value; magnetization vs. field curve has a sigmoidal
shape.
achieve a good similarity between the theoretical stress–
deformation curve and the experimental curve, which was
used in Ref. [8] for the determination of equivalent stress
function. The correspondence between theoretical and
experimental stress–deformation dependencies is illustrated
in Fig. 3.

The role of the ultrasonic oscillations in the deformation
of twinned martensite is demonstrated in Fig. 4: the ultra-
sound with a strain amplitude of 2 � 10�5, which was
switched on in the moment tsw = 110 s, reduces the
expected times for crossing the critical stress levels and
hence promotes the deformation of twinned martensite.

Fig. 5 shows the time evolution of deformation under a
stepwise stress. For 0.7 MPa stress the deformation is elas-
tic and cannot be discerned on the scale of Fig. 5. The
stress increases to 0.9 MPa at t = 80 s, but the first crossing
of the critical stress level occurs only at t = 89 s, because
the applied stress is substantially smaller than the rc value
Fig. 4. Expected time vs. the number of critical levels crossed by the
fluctuating stress in absence of ultrasound (squares) and with assistance of
the ultrasound (open circles). A constant compressive force inducing an
axial stress of 1.1 MPa was applied to the twinned martensitic sample in
the initial moment.



Fig. 5. Time evolution of deformation (solid line) induced by the stepwise
stress (dashed line) and ultrasonic oscillations, which were switched on in
the moment t = 110 s, indicated by vertical arrow. The strain amplitude in
the elastic wave (eA � 2 � 10�5) corresponds to the oscillatory stress
amplitude of 0.25 MPa. Fine steps on the deformation curve correspond
to the moments of crossing critical stress levels.

Fig. 7. Threshold field/stress value, which triggers the deformation
process, vs. the strain amplitude of the ultrasonic wave: crosses correspond
to the values determined from the previous figure, the circles and squares
mark the values found by the computation of the expected times (see the
text for details).
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in Table 1, and therefore a large (and thus low-probability)
value of the stress fluctuation is needed to start the defor-
mation process. The next stepwise increase of the stress
results in the increase of deformation to 1.5%, and, finally,
superposition of ultrasonic oscillations at t = 110 s pro-
motes the deformation rise up to 2.9%.

The efficiency of ultrasound as the factor promoting the
MID is illustrated in Figs. 6 and 7. According to Fig. 6 the
additional deformation induced by the ultrasound with
eA � 4 � 10�5 (see the curve plotted for D+ = 0.5 MPa)
reaches a maximum value �2.8% when the field/stress
reaches the initial (i.e. observed in the absence of ultra-
sound) threshold value. Extrapolation of the curves pre-
sented in Fig. 6 to zero value of deformation results in
the tentative estimation of the threshold field values for
the different amplitudes of the ultrasound: Hth � 0.20,
0.22, 0.24 and 0.26 T for the strain amplitudes 4 � 10�5,
3 � 10�5, 2 � 10�5 and 10�5, respectively. These threshold
Fig. 6. Additional deformation induced by the ultrasound in presence of
magnetic field. The deformation was computed for the stress pulse
amplitudes indicated in the legend. These values correspond to the strain
amplitudes approximately equal to 10�5, 2 � 10�5, 3 � 10�5 and 4 � 10�5.
fields and the appropriate values of the equivalent stress
(determined using Fig. 2) are shown in Fig. 7 by crosses.
The threshold stress is reduced up to a half of its initial
value, the reduction of the threshold field reaches 30%.
The changes of the threshold stress and field are different
due to the nonlinear character of the equivalent stress func-
tion plotted in Fig. 2.

Another way to determine the threshold fields/stresses is
based on the direct computation of the expected time values
of crossing the critical stress levels. Let k be the order num-
ber of the critical stress level defined by the inequalities
rk�1 < rc, rk > rc, where rc is the threshold value of fluctu-
ating stress introduced in the probability density distribu-
tion Eq. (10). In the case of the stepwise stress variation
depicted in Fig. 2 the deformation process will start during
a time interval (for example, Dt = 20 s, used in the calcula-
tions) of the constant stress level if the fluctuating stress
crosses the kth critical level by the end of this time interval,
i.e. if ht(k)i = 20. Average waiting time for crossing the crit-
ical level ht(k)i depends on the current value of applied
stress/field and on the amplitude of the oscillatory stress
D+ (see Eqs. (4), (5), (6), (8)). Fig. 8 shows the results of cal-
culations of the average waiting time ht(k)i for several steps
of increasing applied stress and different values of oscilla-
tory stress amplitude D+. Cross-section of the set of the
curves shown in Fig. 8 for different values of oscillatory
stress by a horizontal line (which corresponds to a time step
Dt = 20 s) yields the threshold values of quasistatic applied
stress to initiate deformation of twinned martensite. These
values are indicated by vertical arrows. Data in Fig. 8
demonstrate that the threshold values of stress depend also
on the stress variation rate. Indeed, in the case of the stress
shown in Fig. 2 the stress variation rate can be changed by
changing the time step Dt at constant stress step Dr. The
increase/decrease of this rate corresponds to the parallel
translation of the horizontal dashed line in Fig. 8 upwards/
downwards and results in the shift of the threshold stresses



Fig. 8. Average waiting time for crossing the kth critical stress level and
start of the deformation of twinned martensite vs. applied stress for
different values of oscillatory stress amplitude D±. The horizontal dashed
line corresponds to the time step Dt of 20 s. Vertical arrows define the
threshold values of applied stress to initiate the deformation process.
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marked by arrows. The dependence of the threshold stress/
field on Dt value is physically obvious, because the longer is
the time interval, the higher is the probability of crossing of
kth critical level by the total stress, which includes the ran-
dom component (see Eq. (4)).

The threshold stresses determined from Fig. 8 for time
step Dt = 20 s are presented in Fig. 7 by circles. The thresh-
old fields determined from the graph of the equivalent
stress function (Fig. 2) are shown in Fig. 7 by squares. A
good agreement with the preliminary estimated values
(crosses in Fig. 7) is observed.

Finally, the deformation–field dependence can be mod-
eled. Let the specimen be deformed by the application of
a stepwise magnetic field and the oscillations being super-
imposed at zero field value. In this case the entire deforma-
tion process occurs in presence of the ultrasonic wave. The
computations show that the ultrasonic wave reduces not
only the threshold field, but also the field of saturation of
Fig. 9. Deformation vs. field dependence computed for the specimen
deformed by stepwise magnetic field in presence of ultrasonic wave
(circles, solid steps). The deformation vs. field dependence in the absence
of ultrasound is shown for comparison (squares, dashed steps).
MID (Fig. 9). The computations carried out for realistic
value of strain amplitude eA show the reduction of both
characteristic fields by about 30%.

4. Summary

1. The modeling of the effect of superimposed mechanical
oscillations on the mechanically or magnetically induced
deformation of twinned Ni–Mn–Ga martensite shows
that the oscillations with realistic values of elastic strain
amplitude can appreciably facilitate the deformation
process: the superposition of the ultrasound with a
strain amplitude of 4 � 10�5 results in a �30% reduction
of the threshold magnetic field and in a �50% reduction
of the threshold stress, which activate the deformation.
The magnetic field needed for saturation of the deforma-
tion process is also reduced by about 30%. If the field/
stress magnitude is close to the threshold value, the
additional deformation induced by the ultrasound with
the strain amplitude of 4 � 10�5 reaches 2.8%. The
strong influence of the ultrasound on the process of
superelastic deformation can be understood from the
following simplified example: the ultrasound with a
strain amplitude of 4 � 10�5 produces in the specimen
an axial stress of around 0.5 MPa; superposition of this
stress to the threshold stress of about 0.8 MPa shift the
total stress to the value, which approximately corre-
sponds to the center of the plateau in the stress–defor-
mation curve, thus producing the deformation close to
a half of the saturation value.

2. Due to the random nature of thermal stress, the effect of
the ultrasonic oscillations on the mechanically or mag-
netically induced deformation of twinned Ni–Mn–Ga
martensite depends on the speed of the deformation
process and duration of exposure to the oscillations.
In addition to the points 1 and 2, which were explicitly
illustrated by computations, some factors, which can
enhance the effect of superposition of oscillations on
the deformation process, should be discussed.
(i) Apossible transient process emerging in themoment of

superposition of oscillations onto stress/magnetic field
should be mentioned. This process can be included in
the model as a factor intensifying the thermal stress
fluctuations during a period of time of about L/st after
switching on the oscillations.

(ii) The dissipation of ultrasonic energy, leading to the
heating of the specimen, should be considered in
future studies. Heating of the specimen not only
increases the average energy of random oscillations
of crystal lattice, but also shifts the temperature of
the specimen to the reverse martensitic transforma-
tion temperature, and therefore, results in the soften-
ing of shear elastic modulus and in the appropriate
reduction of the threshold stress value. The thermal
effect of ultrasound is related to energy dissipation
and can be especially important in the following
cases:
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� for rather high strain amplitudes, since the energy dissi-
pated in a cycle of oscillations, DW ¼ Q�1Ee2

A=4, where
Q�1 is the internal friction, which is proportional to
the square of elastic strain amplitude;
� for rather high frequencies, since the power dissipated in

the sample is proportional to the frequency of oscillations.

In summary, it may be remarked that: (i) the effects
modeled in the present paper and the additional factors,
which can enhance these effects, are the promising subjects
for future experimental studies; (ii) establishing the interre-
lation between the macroscopic/averaged parameters,
which are involved in the present model and those tradi-
tionally used for the description of magnetically induced
deformation of martensite, on the one hand, and the values
used in the microscopic theories (see, e.g., Ref. [20]), on the
other hand, is a challenging theoretical problem.
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