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Quantum synchronization effects in intrinsic Josephson junctions
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Abstract

We investigate quantum dynamics of the superconducting phase in intrinsic Josephson junctions of layered high-Tc superconductors
motivated by a recent experimental observation for the switching rate enhancement in the low temperature quantum regime. We pay
attention to only the capacitive coupling between neighboring junctions and perform large-scale simulations for the Schrödinger equa-
tion derived from the Hamiltonian considering the capacitive coupling alone. The simulation focuses on an issue whether the switching of
a junction induces those of the other junctions or not. The results reveal that the superconducting phase dynamics show synchronous
behavior with increasing the quantum character, e.g., decreasing the junction plane area and effectively the temperature. This is quali-
tatively consistent with the experimental result.
� 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Since the discovery of ‘‘intrinsic Josephson effects” in
layered high-Tc superconductors, the Josephson effects
have attracted much interests from standpoints of not only
fundamental interest but also device application possibility.
The reason is that high-Tc superconductor crystal itself is a
natural coupled array of a number of atomic-scale Joseph-
son junctions as schematically shown in the upper panel of
Fig. 1. The system has been called ‘‘intrinsic Josephson
junction”, in which some possibilities of synchronous elec-
tromagnetic excitations over a huge number of stacked
junctions have been intensively investigated [1] because
such dynamics may open a promising way toward powerful
high-frequency radiation source. Moreover, the reproduc-
ibility of identical Josephson junction has been so far con-
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sidered to be a crucial breakthrough point in the Josephson
device production, while intrinsic Josephson junctions are
completely free from such a problem if one can make good
crystallines.

A historical chain of theoretical studies on the intrinsic
Josephson effects have clarified an importance of the cou-
pling between stacked neighboring junctions. The dynam-
ics of the superconducting phase in intrinsic Josephson
junctions is now well-known to be never understood with-
out the coupling between junctions. Since the recent obser-
vation of macroscopic quantum tunneling (MQT) in
intrinsic Josephson junctions [2–4], a great interest has
been aroused on MQT in multi-junction stacked systems
[5–7]. MQT is also expected to be strongly influenced by
the coupling. However, the coupling effects on MQT have
been little studied except for a few recent works [5–7]. In
this paper, we focus on the quantum dynamics of intrinsic
Josephson junctions. A coupling is fully incorporated and
effects of the coupling on the quantum dynamics are clari-
fied through large-scale numerical simulations.
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Fig. 1. A schematic figure (the upper panel) for a single crystal of layered high-Tc cuprate superconductor, which works as an intrinsic Josephson junction,
in which the possibility of the in-phase electromagnetic wave radiation has been examined. There are two established couplings (the lower panel), i.e., the
capacitive and the inductive coupling steming from incomplete screening for the electric and magnetic field, respectively, in intrinsic Josephson junctions.
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The classical level studies classified the coupling in
intrinsic Josephson junctions into two types, one of which
is the capacitive coupling [8,9], and another of which is the
inductive coupling. The atomic size scale of each junction
in intrinsic Josephson junctions is responsible for such cou-
plings, and the capacitive and the inductive coupling are,
respectively, caused by the incomplete screening of the elec-
tric and the magnetic fields [10] as shown in the lower panel
of Fig. 1. Here, we note that the former coupling is effective
on relatively small junction in the zero field, while the latter
one is dominant on large junction and non-zero field, i.e.,
the coupling becomes dominant by the penetration of the
vortex (see the lower panel of Fig. 1). In this paper, we con-
centrate on the capacitive coupling and numerically solve
the Schrödinger equation derived from the Hamiltonian
considering the capacitive coupling alone. There are two
reasons for ignorance of the inductive coupling in the pres-
ent theoretical work. The first one comes from the previous
experimental situations on MQT, in which the vortex pen-
etration is regarded as a quite rare event since its process
has a very high energy according to Ref. [11]. The second
one is an explosion of the degree of freedom to be calulat-
ed. The wave function should be defined on the in-plane
coordinate as well as the junction index. In Section 2 , we
will show that the simulation is impossible even if we use
the latest parallel supercomputer. In the present quantum
simulation, we perform matrix diagonalization of the
Hamiltonian matrix and directly trace the dynamics of
the superconducting phase without any approximations.
Instead, we face an enormous degree of freedom of the
Schrödinger equation, and therefore, partly use a large-
scale supercomputer, i.e., the Earth Simulator.

The MQT in intrinsic Josephson junctions has been
observed by statistical measurements on the switching
events into resistive states, i.e., so-called switching into
‘‘quasi-particle multi-branches”. Firstly, Inomata et al.
picked up only the jump into the first branch [3], and found
the crossover of the transition rate by lifting up and down
the temperature. They prepaired a weak junction intention-
ally and regarded the results as MQT of the single weak
junction. This indicates that they concentrate on intrinsic
MQT properties of each piece of independent junctions
for simplicity. Afterwards, Jin et al., reported that the
observed MQT rates depend on the jump destinations in
homogeneous samples [4]. They found that MQT rate is
drastically enhanced in the case of the uniform switching,
i.e., the collective switching of all junctions. Their finding
is that the MQT rate is roughly proportional to the square
of the number of junctions [4]. This result implies that
MQT collectively occurs and the switching of some junc-
tions induces the jump of other junctions. We expect that
this synchronous behavior is caused by the coupling effect
[5–7]. However, there still remains a question why such a
collective MQT is enhanced only when the temperature is
decreased below the crossover temperature from classical
to quantum. In other words, this question is whether the
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quantum character assists collective or synchronous
dynamics or not. In this paper, we therefore examine
how the superconducting phase dynamics changes by tun-
ing the quantum character dominance.

2. The model Hamiltonian and the Schrödinger equation

In order to examine characters of the dynamical behav-
iors in the quantum regime, we perform a quantum simula-
tion for the superconducting phase of intrinsic Josephson
junctions. For the purpose, the most straightfoward and
exact way is to solve the Schrödinger equation derived
from the model Hamiltonian. In this paper, we employ a
numerically direct approach using the matrix diagonaliza-
tion for the model Hamiltonian matrix. The result is exact
within numerical error.

Now, let us set up the model, i.e., the Hamiltonian of the
target system. The most general Hamiltonian should
include both the capacitive and the inductive couplings.
In this paper, we confine ourselves within small junctions
in zero applied field, and drop the inductive coupling.
The reduced Hamiltonian, which describes only the capc-
itive coupling [11], is given by

bH ¼XN

‘¼1

Ec
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u‘K‘mum � EJ cos h‘;
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where u‘ is the canonical momentum conjugate to the phase
difference, h‘, and Kll = (1 + 2a), Kl l±1 = �a, and other
Klm = 0. The parameter a is the coupling constant for the
capacitive coupling, which is an order of 0.1 for Bi2Sr2Ca-
Cu2O8+d [9,12]. The parameters Ec and EJ in Eq. (1) are de-
fined as
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where C is the capacitance of each junction and W is the
junction plane area (see Fig. 2). It is easy to check that
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Fig. 2. With decreasing the junction plane area W, a parameter b in Eq.
(3) becomes large. This is equivalent with decreasing the mass in equation
of motion for a particle (see Eq. (3)). In a small range of W, the quantum
behaviors are expected in the superconducting phase dynamics.
Hamilton’s equation derived from the Hamiltonian (1),
i.e., oth‘(x) = dH/du‘(x) and otu‘(x) = �dH/dh‘(x), leads
to the well-known equation of motion for the phase differ-
ence in Ref. [8,9]. The quantization can be performed
by imposing the commutation relation, [h‘(x),um(x

0
)] =

i�hd‘md(x � x
0
), for the canonical variables (h‘(x), u‘(x)).

This relation is equivalent with the conversion u‘ ? �i⁄$‘
in the equation of motion. Consequently, we have the
following Schrödinger equation,
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where a is the coupling constant already defined in the Ham-
iltonian Eq. (1) and b is inversely proportional to the junc-
tion plane area W (see Fig. 2). This equation is a coupled
Schrödinger equation, in which b has an role of the inverse
of the mass for the Schrödinger equation describing the par-
ticle dynamics. This simply indicates that when b is small,
i.e., the junction area is large, the junctions behave like clas-
sical coupled oscillators, while the junctions become quan-
tum ones for large b (see Fig. 2). Although such a
crossover from classical to quantum has been experimentally
observed in intrinsic Josephson junctions [2–4] by decreasing
the temperature, the changes of the collective real-time
dynamics with the variation of b have not been studied the-
oretically. The reason is that simulating the real-time quan-
tum evolution of the system (Eq. (3)) is quite hard. For
example, as the number of coupled junctions is 4, one princi-
pally needs to solve the Schrödinger equation on 4-dimen-
sional space if one does not use any approximations. This
requires on a tremendous degree of freedom, e.g., if the phase
variation of each junction is simply from 0 to 2p and the
number of the grid points on the region is 256, then the total
degree of freedom reaches 2564. Then, the wave function
should be solved on 2564 grid points whose dynamics de-
mands a massively parallel supercomputer. Thus, the real-
time collective dynamics of the coupled quantum systems
is a quite challenging issue for not only physics but also
high-performance computing [13].

The real-time evolution of the quantum system can be
described by using all eigenvalues and eigenvectors of the
Hamiltonian as

wðtÞ ¼
X

n

eiEn
�h t < wð0Þjun > jun >; ð4Þ

where jun> is the eigen-function belonging to n-th eigen-
value. This expression means that if w(0) are expanded
by not all eigenfunctions but some un, then one does not
need to obtain any un in order to exactly trace the time evo-
lution. Thus, our numerical methodological issue is to se-
lect the best numerical scheme to obtain the ground state
and multiple low-lying excited states in the Hamiltonian
matrix diagonalization [13].

Now, let us briefly mention a scientific interest of quan-
tum dynamics simulations for Eq. (3) or (4). The interesting
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Fig. 3. A schematic figure for the potential shape change at t = 0. Only a
potential shape is changed into the red curve (the upper panel), and the
others are kept (the lower panel). (For interpretation of the references in
color in this figure legend, the reader is referred to the web version of this
article.)
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issue is ‘‘Synchronization” [14]. This has been intensively
investigated in a wide range of science from biology to
materials science. Moreover, its research history is very
long as seen in the book [14]. However, quantum effects
on the phenomenon have been little investigated. In this
paper, we focus on quantum effects on the phase synchro-
nization in intrinsic Josephson junctions. It is well-known
that the classical dynamics of intrinsic Josephson junctions
shows independent oscillations [9], i.e., ‘‘nonlinear local-
ized oscillations”, which are in contrast to the synchroniza-
tion. The consequence in the classical regime is consistent
with the experiments, while the quantum regime experi-
mentally shows the opposite behaviors. Thus, the problem
can be reduced to how the quantum feature changes the
localized and the independent characters. The result pre-
sented in this paper is that the quantum character assists
the synchronization. We believe that this result is surpris-
ing, since the quantum character provides an opposite
character contrary to the classical level.

3. Simulation results and discussion

In this section, we present simulation results and discuss
their consequences. In order to perform the numerical sim-
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Fig. 4. A time evolution of two-coupled junction dynamics after the poten
respectively.
ulations for Eq. (3) or (4), we firstly fix a variation range
of the phase difference, hi of each junction, from 0 to 4p.
Since the main purpose of the present paper is to check
whether the quantum character assists synchronization or
not, we prepair the following simulation. At first, an asym-
metric potential (the left-hand side) as shown in Fig. 3 is set
in order to initially confine the wave packet of the phases of
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tial shape changes. The parameters a and b in Eq. (3) are 0.4 and 0.2,
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all junctions inside a deeper potential. At t = 0, we change
the potential for only a junction from asymmetric to sym-
metric shape as shown in Fig. 3. Then, the kicked junction,
whose potential is changed, starts to tunnel to the neighbor
potential well. The question is then whether the other junc-
tions collectively show similar tunneling dynamics or not.
If other junctions show similar dynamics, then it indicates
that the tunneling of a junction induces the tunneling of
others. Thus, our main issue comes down to whether the
quantum feature assists the synchronous dynamics or not.

At first, let us present the simulation results in two-
dimensional cases (a stacked system of two junctions).
Figs. 4 and 5 shows simulation results of the time evolu-
tions of two parameter cases, i.e., b is small (relatively
classical) and large (quantum), respectively. We note that
the coupling parameter a(=0.4) is always the same. In the
former case, the wave function moves only along h1 axis
and never shifts to h2 direction. From this result, it is found
that only the kicked particle moves and another one keeps
its position. This result indicates that only a junction can
).u.a(0.0=t

t=10.0(a.u.)
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Fig. 5. The same as Fig. 4 excep
independently switch. This result is consistent with the sim-
ulations for the classical equation and the experiments in
the classical range. On the other hand, Fig. 5 demonstrates
a typical result of the latter quantum case. This result indi-
cates that the kicked particle induces another particle
motion. This is never observable in the simulation for the
classical equation except for the large coupling. We confirm
that there is a crossover range close to b = 0.5. Thus, we
learn a picture that a particle motion in the quantum
regime can easily induce the interacting particle’s motion.
We confirm that this synchronous tendency in the quantum
regime also holds for the stacked systems of 3 and 4 junc-
tions. These details are reported elsewhere [13]. Fig. 6 sche-
matically depicts how the quantum assisted MQT in
intrinsic Josephson junctions occurs. In the classical level,
the switching is rather independent and the multiple
branches are easily observed. This is because a classical
equation of motion for the superconducting phase prefers
a localized oscillating and rotating solutions [9]. On the
other hand, as the junction plane area decreases, the
).u.a(5.2=t

t=4.2(a.u.)

θ1

θ2

θ1

θ2

= 1.0

t for the parameters b(=1.0).
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plane size and the switching dynamics in intrinsic Josephson junctions.
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switching becomes more collective and synchronous. The
consequence is summarized in Fig. 6, where a relationship
between the junction plane size and the switching dynamics
is shown.

4. Summary and conclusion

We performed quantum dynamical simulations on
intrinsic Josephson junctions in order to examine whether
the synchronous character is enhanced in the quantum
regime or not. We concentrated on the model considering
only the capacitive coupling and solved the time evolution
of the Schrödinger equation derived from the model Ham-
iltonian. The simulated situation is that only a junction is
kicked, and others are left to freely evolve. The simulation
results revealed that the dynamics is almost independent in
the classical regime while it shows the synchronous behav-
ior in the quantum one. These results are consistent with
the experimental observations.
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